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Abstract 

According to Sen (1976), any reasonable poverty index ought to be sensitive to 
inequality. In a multidimensional framework, inequality between poverty 
dimensions is traditionally treated as association sensitivity. Such an approach, 
however, is based exclusively on efficiency considerations, thereby neglecting all 
aspects of distributive justice. This paper introduces a new property for dealing 
with inequality that accounts for both efficiency as well as distributive justice. 
Based on the new property, it then proceeds to derive a new class of inequality-
sensitive poverty measures whose advantages are demonstrated by an empirical 
application to 28 developing countries. 
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Introduction 

The fact that poverty is a multidimensional phenomenon is undisputed, even in the income 

poverty literature. In fact, income is not supposed to be important per se but rather to serve as 

an indicator for economic resources that enable individuals to satisfy their multidimensional 

needs. However, the suitability of insufficient income as indicator for poverty has been 

increasingly questioned (e.g. Rawls, 1971; Sen, 1985; Drèze and Sen, 1989; UNDP, 1995). 

This paper utilises a multidimensional approach to measure poverty, building on Amartya 

Sen’s capability approach (Sen, 1985; 1992; 1997; 2009). The poor within a society are 

defined as those unable to achieve a minimum capability set of elementary functionings, like 

the ability to be well-nourished or to have access to education. Such a definition implies that 

the opportunity of the poor to develop their human capital and reach their full potential is 

limited by external circumstances, such as socio-economic background, race, gender, religion, 

poor health, or malnutrition. 

A direct consequence of this definition of poverty is that inequality among the poor is 

inequality in the inability to develop the own potential due to external circumstances, i.e. 

factors that are “beyond the scope of individual responsibility” (Marrero and Rodríguez, 2010, 

p.3). This explains why Amartya Sen (1976) so forcefully requires any reasonable poverty 

index to be sensitive to inequality: inequality among the poor is in fact inequality of 

opportunity that should be fought not only from a distributive justice perspective, but as well 

from an aggregate perspective as it wastes human capital and thus limits the overall expansion 

of capabilities in a society (Sen, 1992; Marrero and Rodríguez, 2010). 

In a multidimensional framework, inequality persists in two forms: inequality within 

dimensions (Kolm, 1977) and inequality between dimensions (Atkinson and Bourguignon, 

1982). Whereas the former is defined as the spread of distributions within poverty 

dimensions; the latter is usually treated as association sensitivity (e.g. Bourguignon and 

Chakravarty, 2003; Seth, 2011).  
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This paper claims that the latter approach is inappropriate as it equates the two concepts 

distributive justice and efficiency which in reality are in tension, sometimes even opposed to 

one another. Inequality should not be reduced to an evaluation of how efficient poverty 

attributes are distributed among the poor but also consider who gains and who loses from 

redistributions. Therefore, the new property “Inequality Sensitivity (IS)” is introduced that 

basically requires poverty to increase (in the case of substitutes) or to decrease (in the case of 

complements) if an association increasing switch between two poor persons comes at the 

expense of the poorer of the two.2

The empirical implications are demonstrated for a sample of 28 developing countries for 

which three different indices are calculated: i) the 

 It is demonstrated that the new axiom uniquely 

characterises a class of poverty indices that is actually the first that though additive is 

nevertheless able to account for both inequality within and between dimensions. 

0M  of the Alkire and Foster class of 

indices (2011) that is insensitive to either type of inequality, ii) the multidimensional FGT 

class of indices that is sensitive to inequality within dimensions, and, finally, iii) the new class 

of inequality sensitive poverty indices ISP  that, as the name suggests, is sensitive to within 

and between dimensional inequality. The relevance of the sensitivity requirement with regard 

to both types of inequality is easily established once the distinct changes in country rankings 

induced by the switch from one index to the next are investigated. 

The paper proceeds as follows. The second section provides a brief introduction in the 

theoretical background of the paper. Section three lays the axiomatic foundation for the 

derivation and decomposition of the new class of indices in section four that are utilised in the 

                                                 
2 I follow the Auspitz-Lieben-Edgeworth-Pareto (ALEP) definition of substitutability and complementarity. The 

ALEP definition considers two attributes to be substitutes if their second cross partial derivatives are positive. 

Intuitively, an increase in one attribute decreases poverty the less the higher the achievements in the second 

attribute. In the same way, attributes are considered to be complements, when the respective cross partial 

derivatives are negative and independent in case they are zero. 
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empirical application presented in section five. Section six concludes. Throughout the paper, 

proofs are relegated to the appendix. 

Theoretical Background 

Let ℝk k
+ denote the Euclidean k-space, and ℝ ⊂ℝk

⊂= },...,1{ nN

 the non-negative k-space. Further, let ℕ 

denote the set of positive integers. ℕ represents the set of n individuals of a 

typical society and ⊂= },...,2{ dD ℕ the set of d poverty dimensions captured by a set of k 

poverty attributes ⊂= },...,2{ kK ℕ. 

Let ∈a ℝ K
+ denote the weight vector for the different attributes with .1

1∑ =
=

k

j ja  In the 

following, I will refer to the quantity of an attribute with which an individual is endowed as 

an achievement. The achievement vector of individual i is represented by ),...,( 1 ikii xx=⋅x  and 

the respective achievement matrix of a society with n individuals by ∈X ℝ NK
+ where the ijth 

entry represents the achievement ijx of individual i in attribute j. Let Xn be the set of possible 

achievement matrices of population size n and X=UN ⊂ ℕXn

jz

 the set of all possible 

achievement matrices. Let  denote the poverty threshold of attribute j so that individual i is 

deprived in j whenever the respective achievement falls short of the threshold level, i.e. 

whenever .jij zx <  Further, let ∈z ℝ K
++  represent the vector of poverty thresholds chosen for 

the different attributes, with the jth element being jz , and Z being the set of all possible 

vectors of poverty thresholds.  

In the context of this paper, a poverty index is a function P: X →×Z ℝ. For any poverty 

threshold vector Zz∈ , society A has a higher poverty level than society B  if and only if 

);();( zXzX BA PP ≥  for any ∈BA XX , X. 
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Let ),...,( 1 ikii cc=c  represent the deprivation vector of individual i such that 1=ijc  if jij zx <  

and 0=ijc  if jij zx ≥ . Further, let )(XjS  – or simply jS – denote the set of individuals who 

are poor with respect to attribute j and q the overall number of poor individuals in a society. 

For reasons of simplicity, let 
{ }
∑

=∈

=
1:,...,1 ijckj

ji aδ  denote the sum of weighted deprivations suffered 

by individual i, with ∑∈
=

jSi iq δµ /1)(δ . Also, let )/1( jijij zxg −= denote the poverty gap of 

individual i and attribute j, with ∑∈
=

jSi ijjj gq/1)(gµ . 

Finally, let :ρ  ℝ K
+ ×ℝ K

++  }1,0{→  represent an identification function according to the 

component poverty line approach so that individual i is poor if 1);( =zciρ  and not poor if 

0);( =zciρ . The approach is theoretically founded in the strong focus axiom considering each 

poverty attribute as essential in the sense that compensation is impossible.3

Three specifications of the identification function have been suggested so far. The union 

method is based on the assumption that all attributes are perfect complements and thus that 

every deprived person is considered poor. The intersection method considers all attributes to 

be perfect substitutes and thus identifies only those individuals as poor who are deprived in 

every single attribute. Both approaches are extreme cases, repeatedly yielding poverty rates 

that are plainly inapplicable, being either far too high or far too low (Bérenger and Bresson, 

2010; Alkire and Foster, 2011). The third identification method, the intermediate method, has 

been developed as a loophole, considering only those individuals as poor that are deprived in 

some pre-determined minimum level of weighted deprivations, i.e. 

 

                                                 
3 The other main method for the identification of the poor is called aggregate poverty line approach. The special 

feature of this method is that it allows compensation between attributes below and above threshold levels among 

those who are poor (Weak Focus Axiom). 
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



<
≥

= min

min

0
1

);(
IMi

IMi
iIM if

if
δδ
δδ

ρ zc  (Mack and Lindsay, 1985; Foster, 2009; Alkire and Foster, 

2011). Please note that the intermediate method comprises union and intersection method as 

extreme cases, i.e. in case { } 1maxˆ .
min == iIM cδ  and { } 1minˆ .

min == iIM cδ , respectively. 

Though the intermediate method is a convenient way out of the dilemma of extreme poverty 

rates, its theoretical justification is questionable. Apart from the fact that the choice of min
IMδ  is 

arbitrary, the whole method is based on the indirect assumption that up to min
IMδ  attributes are 

perfect substitutes whereas they are considered perfect complements from min
IMδ  onwards. In 

response, Rippin (2012) introduced a new identification method that leads to applicable 

poverty rates and is theoretically founded in the concept of inequality between dimensions. 

The new identification method is based on a multi- instead of a single step identification 

function: 




=
=

=
⋅

⋅⋅
⋅ 0}max{0

1}max{)(
);(

i

ii
iCS if

ifh
c
cc

zcρ , :h  ℝ K
+ ]1,0[→  being a function of poverty 

severity that is nondecreasing with a nondecreasing (nonincreasing) marginal4

[Figure 1] 

 in case 

attributes are substitutes (complements). 

Instead of differentiating between the poor and the non-poor, the new function differentiates 

between the non-poor on one hand and different degrees of poverty severity on the other. This 

way, it accounts for possible association sensitivity among attributes through the specific 

shape of the function: while it is always nondecreasing in the number of deprivations, the 

marginal increase in poverty severity is the less the higher the substitutability between 

attributes. 

                                                 
4 A function )(xf  has a nondecreasing marginal if )()1()()1( hgg xfxfxfxf h −+≥−+  whenever hg xx ≥ . 
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The Axiomatic Foundation 

Four main aggregation methods have been developed in order to derive a composite index 

from individual poverty characteristics: i) the fuzzy set approach, ii) the distance function 

approach, iii) the information theory approach, and iv) the axiomatic approach (see Deutsch 

and Silber 2005). Based on the same argumentation as for the component poverty line 

approach, I refrain from applying the former two as they do not allow for an attribute-wise 

consideration of poverty. The information theory approach has recently been extended to 

cover the component poverty line approach (Maasoumi and Lugo 2008). Its special appeal 

stems from the fact that it summarizes the information inherent in all attributes in an efficient 

manner. Nevertheless, the argumentation of this paper is that inequality is not only a concept 

of efficiency but also includes normative judgments. The axiomatic approach provides the 

most transparent way to take care of these judgments by explicitly defining properties that 

poverty indices may or may not satisfy.  

Maasoumi and Lugo (2008, p.1) note that the axiomatic approach does well in aggregating 

across individuals but not across attributes. This paper follows their argumentation in 

suggesting that there might be good reason to deal with normative judgements on the 

individual level by utilising the axiomatic approach and with efficiency criteria by applying 

the information theory approach to ensure that attributes are aggregated in the most efficient 

manner. This way, both approaches can be combined, using the best of both of them. 

This section starts with the introduction of a list of core axioms that have been derived by the 

generalization and extension of the core axioms of the one-dimensional framework to fit the 

multidimensional framework (e.g. Chakravarty, Mukherjee and Ranade 1998, Bourguignon 

and Chakravarty 1999, Tsui 2002, Bourguignon and Chakravarty 2003, Chakravarty and 

Silber 2008). 
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Non-Distributional Axioms 

Anonymity (AN): For any Z∈z and ∈X  Xn )()( zΠXzX ;P;P = ,  where Π  is any 

permutation matrix of appropriate order. 

Continuity (CN): For any Z∈z and ∈X  Xn )( zX;P, is continuous on ℝ NK
+ . 

Monotonicity (MN): For any Z∈z and ∈′XX,  Xn

,β+′= hlhl xx

, if for any individual h and any attribute l 

 such that ,0, ><′ βlhl zx and ,hixx ilil ≠∀′=  ,, iljxx ijij ∀≠∀′= then 

).()( zXzX ;P;P ≤′  

Principle of Population (PP): If for any Z∈z , ∈X  Xn ∈m, and ℕ mX  is a m-fold replication 

of X, then );();( zXzX PP m = . 

Strong Focus (SF): For any Z∈z and ∈X  Xn

,0,, >+=′≥ ββhlhllhl xxzx

, if for any individual h and any attribute l 

 and hixx ilil ≠∀=′ , ,, iljxx ijij ∀≠∀=′ then ).;();( zXzX ′= PP  

Subgroup Decomposability (SD): For any ∈vXX ,...,1  Xn ,Z∈z and  

);();,...,,(
1

21 zXzXXX lv

l l
v PnnP ∑=

=  with ln  being the population size of subgroup 

vll ,...,1, =X  and .
1

nnv

l l =∑ =
 

Factor Decomposability (FD): For any Z∈z and ∈X  Xn );();(
1 jj

k

j j zxPaP ⋅=∑=zX,   

Normalization (NM): For any Z∈z  and ∈X  Xn 1);( =zXP,  if jixij ,0∀=  and 0);( =zXP  

if ., jizx jij ∀≥  Thus, ].1,0[);( ∈zXP  

AN requires that any personal characteristics apart from the respective achievement levels are 

irrelevant for poverty measurement. CN is a rather technical requirement precluding the 

oversensitivity of poverty measures. MN requires poverty measures not to increase if, ceteris 

paribus, the condition of a deprived individual improves. PP precludes the dependence of 

poverty measures from population size and thus allows for cross-population and -time 

comparisons of poverty. SF demands that giving a person more of an attribute with respect to 
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which this person is not deprived will not change the poverty measure. FD and SD facilitate 

the calculation of the contribution of different subgroup-attribute combinations to overall 

poverty, improving the targeting of poverty-alleviating policies. NM is a simple technical 

property requiring poverty measures to be equal to zero in case all individuals are non-poor 

and equal to one in case all individuals are poor.  

Distributional Axioms 

I will now turn to the group of axioms that specifically deal with inequality issues. Scale 

Invariance (SI) requires that a proportional distribution should leave inequality levels 

unchanged, ensuring that poverty indices do not change with the unit of measurement. 

Scale Invariance (SI): For any Z∈z and ∈′XX,  Xn );();( zXzX ′′= PP,  where ;XΛX =′  

Λzz =′  with Λ  being the diagonal matrix .0),,...,( 1 jdiag jk ∀>λλλ   

In order to capture inequality within dimensions, poverty should not decrease in case the 

spread of dimension-specific achievements across society increases. In the one-dimensional 

context, this property is referred to as the Pigou-Dalton Transfer Principle. Different 

mathematical formulas have been used to extent the property to the multidimensional 

framework (de la Vega, Urrutia and de Sarachu, 2010). The one most widely used is the 

Uniform Majorization (UM) axiom. 

Uniform Majorization (UM): For any Z∈z and ∈′XX,  Xn
PP XBX ′=, if and B is not a 

permutation matrix, then );();( zXzX ′≤ PP , where ( )PP XX ′  is the attribute matrix of the 

poor corresponding to ( )XX ′ and ( )ijb=B  is some bistochastic matrix of appropriate order. 

UM requires that a transformation of the attribute matrix PX′ of the poor in X′  into the 

corresponding matrix PX of the poor in X  by an equalising operation does not increase 

poverty. 

As has been pointed out, in a multidimensional framework exists yet another aspect of 

inequality, namely inequality between poverty dimensions. This type of inequality has 
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traditionally been equated with association sensitivity and captured by the concept of an 

association increasing switch.5

Association Increasing Switch:

 The underlying majorization criterion has been proposed by 

Boland and Proschan (1988) and was generalized and formally introduced by Tsui (1999) as 

“Correlation Increasing Transfer”.  

6 ),...,( 1 kxx=x For any two vectors and ),...,( 1 kxx ′′=′x  

define the two operators ∧  and ∨  as follows: { } { }( )kk xxxx ′′=′∧ ,min,...,,min 11xx  and 

{ } { }( )kk xxxx ′′=′∨ ,max,...,,max 11xx . For every ∈′XX,  Xn X′,  is obtained from X  by an 

association increasing switch if X′  is not a permutation of X  and if for some poor individuals 

g and h, hgg xxx ∧=′ , hgh xxx ∨=′  and { }.,hgmmm ∉∀=′ xx  

Consider two persons who – though both of them deprived in all attributes – face different 

achievement levels: each person has less than the other of at least one attribute. A switch of 

achievements is called association increasing if, after the switch, one of the two persons has at 

least as much as the other of all attributes. 

For the purpose of illustration consider the following situation of three individuals and four 

attributes: )5555(,4,3 === zji  and 















=

1341
2124
4421

X  . Now, consider the 

following switches of achievements, first between individual one and individuals two and 

three, afterwards between individual two and three: 

                                                 
5 Based on a paper of Chakravarty and D’Ambrosio (2006) on social exclusion measures, Jayaraj and 

Subramanian (2010) introduce inequality between dimensions as the spread of simultaneous deprivations across 

a society and based on this definition formulate the property “(Strong) Range Sensitivity”. However, the authors 

fail to account for association-sensitivity which is why this paper refrains from employing these properties. 

6 Please note that the concept of the “Association Increasing Switch” is slightly different from the “Correlation 

Increasing Switch” formulated by Bourguignon and Chakravarty (2003). The latter definition is unclear as it 
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














→
















→
















=

1111
2222
4444

1122
2211
4444

1142
2214
4421

X  

Through the switches, individual one receives strictly higher, individual three strictly lower 

achievements in all attributes. Thus, the switches lead to a concentration of attributes and thus 

higher inequality. Based on the concept of association increasing switches, Tsui (1999) 

introduced the following property. 

Nondecreasingness under Association Increasing Switch (NDA): For any ∈′XX,  Xn

X′

 such 

that  is obtained from X  by an association increasing switch of substitute attributes, 

);();( zXzX ′≤ PP . 

Bourguignon and Chakravarty (2003), however, claimed that in case attributes are 

complements, poverty should decrease even though association increasing switches lead to an 

increase in within dimensional inequality. In response, they introduce the following additional 

property. 

Nonincreasingness under Association Increasing Switch (NIA): For any ∈′XX,  Xn

X′

 such 

that  is obtained from X  by an association increasing switch of complement attributes, 

).;();( zXzX ′≥ PP  

For the purpose of illustration consider left and right shoes to be the poverty attributes in 

question. Obviously, the two attributes are complements; a right shoe is only valuable in case 

it comes along with a left shoe to make it a pair. Let’s assume an economy with two poor 

individuals and given poverty thresholds of 10 left and 10 right shoes per persons. Further, let 

one person have an initial endowment of 8 left and 2 right shoes and the other an initial 

endowment of 1 left and 3 right shoes: )1010(,2,2 === zji  and 







=

31
28

X . In other 

                                                                                                                                                         
requires an increase in the correlation between two attributes but leaves the correlation between all other 

attributes unaltered.  
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words, person one faces a surplus of 6 left shoes, person two a surplus of 2 right shoes. 

Obviously, the situation is not efficient. Indeed, two association increasing switches are 

possible that would enhance the overall situation. In the first one, the persons would exchange 

their amount of left shoes, i.e. 







=′

38
21

X , in the second their amount of right shoes, i.e. 









=′′

21
38

X . 

[Figure 2] 

Both situations should be preferred to the initial one as an additional pair of shoes is made 

available. This is exactly the consideration behind NIA. 

But there is an important difference between the two switches. Under the first switch, the 

second person gains two additional pairs of shoes, the first person, however, actually looses 

one pair. Under the second switch, the first person gains an additional pair of shoes whereas 

the situation of the second person remains unchanged. Though the overall outcome is the 

same, one person possessing one and the other three pairs of shoes, the processes that led to 

the respective outcomes are different. Whereas the first switch would be strongly opposed by 

the first person, the second switch would encounter much less opposition as it improves the 

situation of one person without worsening the situation of the other, a characteristic that has 

become known in economic theory as pareto-efficiency. For reasons that are obvious, pareto-

efficiency is a rather valuable property for policy-makers. In the case of complements, pareto-

efficiency can always be ensured if switches are restricted to cases in which the respective 

minimum achievement levels are not undercut. Thus, I extend the property NIA to ensure 

pareto-efficiency. 

Nonincreasingness under Pareto-efficient Association Increasing Switch (NIPA): For any 

∈′XX,  Xn X′ such that  is obtained from X  by an association increasing switch of 
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complement attributes between two poor individuals g and h with }min{}min{ hg xx ≤  and  

hgg xxx ∧=′ , hgh xxx ∨=′  and { }hgmmm ,∉∀=′ xx , then );();( zXzX ′≥ PP .  

In case all individuals are deprived in all dimensions, sensitivity to (pareto-efficient) 

association increasing switches in connection with UM accounts satisfactory for both 

inequality within and between dimensions. 

But what if individuals suffer from different numbers of simultaneous deprivations? This is a 

more than legitimate question, especially since this case serves as the main justification for 

poverty measures that go beyond simple averages. 

Consider the following situation: )5555(,5,2 === zji  and 







=

1512
5521

X  and 

the following two possible switches: 







=′

1511
5522

X ; 







=′′

1522
5511

X . 

Both switches constitute a weaker version of the original association increasing switches as 

they are not limited to persons who are deprived in all attributes. Instead, switches among 

persons who are deprived in different numbers of attributes are allowed as long as the 

respective switches concern only attributes in which all persons affected by the switch are 

deprived. Thus, in the example above, the focus would be on the first two attributes. 

This paper suggests that it is impossible to formulate any reasonable property that is based on 

a switch from X  to either X′or X ′′ . The reason is that such a general property would be 

obliged to include in some way value judgments that weight the severity of inequality within 

against inequality between dimensions. As we will see later on, the new class of poverty 

indices derived in this paper captures this specific aspect with an interaction term. 

A general assessment, however, can be made with regard to the question who – given the 

association increasing switch takes place – should be the beneficiary of the switch, i.e. should 

the switch to X′  or X ′′  be preferred? I suggest that the response to that question depends on 

the relationship between attributes. In case attributes are substitutes, the beneficiary of the 
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switch should be the individual that is deprived in more attributes. In the example above, that 

would be X ′′  as the beneficiary of the switch is the second individual that is deprived in three 

attributes instead of two. However, in case attributes are complements, pareto-efficient 

switches should be preferred, i.e. the individual with the higher minimum achievement level 

should be the beneficiary of the switch. In the example, that would be X′  as the second 

individual has only one unit of the fourth attribute and therefore no use for any additional 

amount of attribute one or two. In response, I introduce the following concept of an extended 

version of the association increasing switch and, based on that definition, a new property 

called Inequality Sensitivity (IS). 

Weak Association Increasing Switch: Define }.1{# == ijiji ccd  For any two vectors 

),...,( 1 kxx=x and ),...,( 1 kxx ′′=′x  define the two operators ∧  and ∨   as follows: 

);},{min,...,},{(min 11 jjjjjjkk zxxxzxxxxx ≥∀′=<∀′′=′∧xx  and 

);},{max,...,},{(max 11 jjjjjjkk zxxxzxxxxx ≥∀′=<∀′′=′∨xx . 

For every ∈′XX,  Xn X′,  is obtained from X  by a weak association increasing switch if X′  

is not a permutation of X  and if for some poor individuals g and h, hgg xxx ∧=′ , hgh xxx ∨=′  

and { }.,hgmmm ∉∀=′ xx  

Inequality Sensitivity (IS): Define }.1{# == ijiji ccd  For some ∈′′′ XXX ,,  Xn X′, if and 

X ′′ are obtained from X  by a weak association increasing switch between two poor 

individuals g and h with 1>> hg dd  such that 

hgg xxx ∧=′ , hgh xxx ∨=′ and mm xx =′  for all { }hgm ,∉  and 

hgg xxx ∨=′′ , hgh xxx ∧=′′ and mm xx =′′  for all { }hgm ,∉ , 

then in case attributes are substitutes );();( zXzX ′≤′′ PP ; in case attributes are complements, 

);();( zXzX ′≤′′ PP  if and only if }min{}min{ hg xx ′′≥′′ . 
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The concept of inequality increasing switches illustrates the previous observation that 

inequality between dimensions is closely related to the relationship between attributes yet not 

the same. The centre theme of the following section is the derivation and comparison of 

poverty indices satisfying different levels of sensitivity to inequality within and between 

dimensions. 

Inequality-Sensitive Poverty Indices 

Property 1. A multidimensional poverty measure P satisfies AN, CN, NM, MN, SF, PP, FD, 

SD, SI, UM and IS if and only if for all N∈n  and ∈X  Xn

∑ ∑∈ =
=

jSi

k

j jijji zxfahnP
1

)/()(1);( czX

: 

           (1) 

with 1],0[: Rf →∞  continuous, non-increasing and convex, with 1)0( =f  and ctf =)(  for 

all 1≥t  where 1<c  is a constant. Also, 0>ja are constants with ∑ =
=

k

j ja
1

1. 

Finally, :h  ℝ K
+ ]1,0[→  is nondecreasing with a nondecreasing (nonincreasing) marginal in 

case attributes are substitutes (complements). 

The additive structure of the poverty measure is mandatory for the fulfilment of FD and 

automatically precludes sensitivity to association increasing switches. It also implies that 

sensitivity to inequality between dimensions can only be integrated in the final index through 

an adaptation in the identification step (Rippin 2012). 

The aggregation of individual poverty characteristics into the overall index should comprise i) 

normative judgements in order to guide the allocation of scarce resources to the most needy, 

and ii) efficiency considerations in order to ensure that no scarce resources get wasted. The 

functional forms of )(⋅h  and )(⋅f  should ensure both.  

)( ih c is derived from the identification function :CSρ  ℝ K
+ ×ℝ K

++  ]1,0[→  that differentiates 

individuals according to the severity with which they suffer deprivation, thereby ensuring that 

the neediest receive appropriate attention. In the following, I will concentrate on the following 
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specific functional form of )( ih c  that has been chosen due to its appealing intuitive and 

simple design: 




=
=

=
0}max{0
1}max{

)(
i

ii
i if

if
h

c
c

c
αδ

.  

In other words, the degree of poverty severity is measured by the sum of weighted 

deprivations to the power α . The parameter α  can be interpreted as an indicator for aversion 

towards inequality between dimensions, the value of which ought to depend on the 

relationship among attributes. In fact, choosing a value for α  that is smaller than one directly 

implies the assumption that attributes are complements, enforcing a concave shape of )( ih c . 

In this specific case, inequality between dimensions would actually be preferred, very much in 

the same sense as the intuition behind NIPA and IS. Choosing a value for α  that is greater 

than one, on the other hand, directly determines a substitute relationship between attributes, 

enforcing a convex shape of )( ih c . 

Several suggestions have been made with regard to the functional form of )(⋅f . However, as 

already noted, it seems that the axiomatic approach with its normative judgements does well 

in aggregating across individuals but not across attributes. Thus, I utilise the following 

“optimal” IT aggregation functions to ensure that attributes are aggregated in an efficient 

manner, wasting no scarce resources (Maasoumi and Lugo, 2008): 

[ ] δ
δ

1

1∑ =
∝

k

j ijji vwS    when 0≠δ             (2) 

∏ =
∝

k

j

w
iji

jvS
1

          when 0=δ             (3) 

jw being the weight attached to the Generalized Entropy divergence from each attribute. 

Please note that the optimal IT aggregation function imposes a union definition of poverty in 

the sense that all information about the distribution of attributes is taken care of (Maasoumi 

and Lugo 2008, p. 10). 
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Utilising the component poverty approach, the following family of IT-efficient multi-

dimensional poverty indices can be derived as the α th moment of the distribution 

),...,( 1 vnvv SS=S : 

∑∈
=

jSi viv SnP γ/1);( zS              (4) 

with viS  representing the respective relative deprivation function according to (2) and (3). 

In the following, I will introduce five of the most well-known (cardinal) classes of 

multidimensional poverty measures and discuss them under the aspect of IT-efficiency.  

The first three classes have an additive structure and therefore lend themselves as functional 

forms for )(⋅f  as specified in (1). The last two are non-additive. 

The multidimensional Foster-Greer-Thorbecke (FGT) class of poverty measures 

This class of poverty measures is a multidimensional extension of the Foster-Greer-Thorbecke 

index from 1984. The class is IT-efficient; the IT measure for 0≠δ  as specified in (2) is a 

version of this class of poverty measures in case δγ =  and jijij zxv /1−= . 

( )
{ }

∑ ∑∈
=∈

−=
j

ij
Si

ckj
jijjFGT zxanP

1:,...,1
11 θ             (5) 

with  ;0>ja 1
1

=∑ =

k

j ja ; 1>θ  

Like α , θ  can be interpreted as an indicator for aversion towards inequality within 

dimensions. However, different from α , θ  is limited to values greater than one, reflecting the 

fact that it measures the aversion against inequality within every single dimension separately. 

The first multidimensional Chakravarty class of poverty measures 

This class of poverty measures is a direct multidimensional extension of the Chakravarty 

index from 1983. Like the previous class, this class of poverty measures is also IT efficient; 

the IT measure for 0≠δ  as specified in (2) is a version of this class of poverty measures in 

case δγ =  and θδ )/(1 jijij zxv −= .  
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( )
{ }

)1(1
1:,...,1

1 ∑ ∑∈
=∈

−=
j

ij
Si

ckj
jijjC zxanP θ            (6) 

with ;0>ja 1
1

=∑ =

k

j ja ; )1,0(∈θ  

This class of indices satisfies is comparable to the previous one, except for the fact that the 

progression of the function )(⋅f  in this case is less regular in the sense that it is rather steep 

for very small values of ijx  and almost linear afterwards. 

The multidimensional Watts class of poverty measures 

This class of poverty measures is a direct multidimensional extension of the Watts index from 

1968. 

( )
{ }

∑ ∑∈
=∈

=
j

ij
Si

ckj
ijjjW xzanP

1:,...,1
log1             (7) 

with ;0>ja 1
1

=∑ =

k

j ja  

A disadvantage of this class of poverty measures is that the degree of inequality aversion 

cannot be chosen, as it is simply the logarithm. Another disadvantage is that the measure is 

unbounded, i.e. its upper bound depends on the units chosen for the poverty thresholds jz , 

and not defined for 0=ijx . It is, however, IT-efficient; the IT measure for 0≠δ  as specified 

in (2) is a normalized version of this class of indices in case δγ =  and )/log( ijjij xzv =δ . 

The second multidimensional Chakravarty class of poverty measures 

This class of poverty measures is a non-additive multidimensional extension of the 

Chakravarty index from 1983, and has been introduced by Tsui (2002). 

( )
{ }

∑ ∏∈
=∈ 











−=

j
ij

j

Si
ckj

r
ijjC xznP

1:,...,1

11
2

            (8) 

with ]1,0[∈jr . 

This class of poverty measures is no longer additive. Like the former class this class too is 

unbounded, i.e. its upper bound depends on the units chosen for jz . Like the other indices, it 
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is IT-efficient, precisely the IT measure for 0=δ  (3) is a normalized version of this class of 

indices in case 1=γ  and 1)/( −= jj r
ijj

w
ij xzv  (Maasoumi and Lugo, 2008, p. 9). 

Bourguignon and Chakravarty (2003) criticised this class of poverty measures for restricting 

attributes to substitutes. In response, they introduced the following class of poverty measures: 

The multidimensional Bourguignon-Chakravarty class of poverty measures 

( )
{ }

θβ

θ∑ ∑∈
=∈ 











−=

j
ij

Si
ckj

jijjBC zxanP
1:,...,1
11            (9) 

with ;0>ja  ;11 =∑ =

k
j ja  θβθβθ ≤∨≥> ;1  

As Chakravarty and Silber (2008) point out, this class of indices is less simple than Tsui’s 

multidimensional extension since constant elasticity i) is defined between shortfalls rather 

than attributes, and ii) does not necessarily equal one. However, the most significant 

difference is that this class does not require attributes to be substitutes but instead allows them 

to be either substitutes )( θβ > or complements )( θβ < . This class of indices resembles the 

class of IT measures for 0≠δ  with jijij zxv /1−= , βγ =  and θδ = . 

Table 1 compares the different classes of poverty measures according to the properties that 

they do or do not satisfy. Please note that with the new identification method can be applied to 

all poverty measures. In case of the additive indices the new identification method ensures 

fulfilment of IS. All non-additive poverty measures satisfy IS anyway, however, in case of the 

multidimensional Bourguignon-Chakravarty class of poverty measures, no solution has been 

suggested so far that would also ensure the fulfilment of NIPA. Due to considerations with 

regard to the fulfilment of normalization, factor decomposability and the more regular 

progression of the function, the remainder of the paper will focus on the FGT functional form 

of )(⋅f , defining the following class of poverty indices: 

( )
{ }

∑ ∑∈
=∈

−=
j

ij
Si

ckj
jijjiIS zxanP

1:,...,1
11 θαδ          (10) 
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Table 1 provides on overview of which properties are satisfied by which indices. 

[Table 1] 

In order to analyse the effects of within and between dimensional inequality on poverty 

measurement, I will utilise the following representative of Alkire and Foster’s 0M  class of 

indices as a base case: 
{ }

∑ ∑
∈

≥∧
=∈

=
j

IMi

ijSi ckj
janM

min
1:,...,1

0 /1

δδ

. 

To this index, I will compare the multidimensional extension of the FGT poverty index, i.e. 

{ }
∑ ∑∈

=∈

−=
j

ij
Si

ckj
jijjFGT zxanP

1:,...,1
)/1(1);( θzX , and the new inequality sensitive poverty index, 

i.e. 
{ }
∑∑

=∈∈

−=
1:,...,1

)/1(1);(
ijj ckj

jijj
Si

iIS zxanP θαδzX . However, before turning to the empirical 

application, I will decompose the two latter indices according to the three poverty components 

incidence, intensity and inequality7

The Decomposition of the Multidimensional FGT-Index 

. 

The following draws on a decomposition done by Aristondo, Lasso de la Vega and Urrutia 

(2010) for the one-dimensional case. 

Proposition 2. 

( )
{ }

)]}())1((1[)](){[/(;
1:,...,1

ggzX θ
θ θθµ GEqqaHP j

ckj
jjFGT

ij

−+= ∑
=∈

, with 

i) the headcount ratio, i.e. )/( nqH = , measuring the incidence of poverty, 

ii) the aggregate poverty gap ratio for attribute j, i.e. ∑∈
=

jSi ijjj gq/1)(gµ , measuring the 

intensity of poverty, and 

                                                 
7 Please note that due to its insensitivity with regard to any kind of inequality, 0M can only be decomposed into 

the product of poverty incidence and intensity (Alkire and Santos 2010). 
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iii) the Generalized Entropy inequality index of the poverty gaps for attribute j, i.e. 

∑∈
−−=

jSi jijj gqGE }1)](/{[]/1))][1(/(1[)( θ
θ µθθ gg , capturing within dimensional 

inequality. 

While the multidimensional FGT index does account for inequality within dimensions, it fails 

to do so for inequality between dimensions. This failure has been justified with the 

explanation that the index’s (wanted) additivity prevents its sensitivity to association-

increasing switches. However, as argued before, association-sensitivity influences inequality 

between dimensions yet is not the same. The implication of the more holistic approach taken 

in this paper becomes obvious once we consider the decomposition of the additive ISPI that 

comprises both components, within as well as between dimensional inequality. 

The Decomposition of the Inequality Sensitive Poverty Index 

Proposition 3. 

( ) ( )
{ }
∑

=∈

−+−+=
1:,...,1

)],()][())1((1)][())1((1[][])[/();(
ijckj

jjjIS IGEGEqqaHP δggδgδzX θα
θα θθααµµ

with 

i) the headcount ratio, i.e. )/( nqH = , measuring the incidence of poverty, 

ii) the aggregate deprivation count ratio, i.e. ∑∈
=

jSi iq δµ /1)(δ , measuring the intensity of 

poverty breadth, 

iii) the aggregate poverty gap ratio for attribute j, i.e. ∑∈
=

jSi ijjj gq/1)(gµ , measuring the 

intensity of poverty depth for attribute j, 

iv) the GE inequality measure of deprivation counts, i.e. 

]1)](/[[))]1((/1[)( −−= ∑∈

α
α µδαα

jSi iqGE δδ , measuring inequality between 

dimensions, 
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v) the GE inequality measure of poverty gaps for attribute j, i.e. 

∑∈
−−=

jSi jijj gqGE ]1)](/[[))]1((/1[)( θ
θ µθθ gg , measuring within dimensional 

inequality for attribute j, and, finally, 

vi) an interaction term ]}]/1][/1/{[/1[),( ∑∑∑ ∈∈∈
=

jjj Si ijjSi iSi ijij gqqgqI θθ δδδg , mapping 

the interaction between poverty gaps and deprivation counts. 

The ISPI explicitly accounts for the fact that individuals may suffer from multiple 

simultaneous deprivations, a fact that is axiomatically captured by sensitivity to inequality 

and enables the most comprehensive decomposition of any additive index developed so far. 

Empirical Application 

This sub-section illustrates the implications of the new methodology developed in this paper 

with data from the Demographic and Health Survey (DHS). As the empirical application is 

based on a comparison with the inequality insensitive 0M  as base case it follows many of the 

choices of its most prominent representative, the Multidimensional Poverty Index (MPI) 

(Alkire and Santos 2010). Like the choice of the DHS data, nationally representative surveys 

that are mainly funded by the US Agency for International Development (USAID) and that 

Alkire and Santos (2010) privilege over other internationally comparable surveys. The final 

country sample consists of 28 countries for which more or less recent DHS surveys exist and 

that do not lack any of the indicators chosen for the poverty calculations. 

In order to be able to apply cardinal poverty indices, a reasonably meaningful cardinal 

interpretation of attributes needs to be ensured. I am aware that this kind of choices is always 

problematic and disputable. However, as a discussion of better choices would go well beyond 

the scope of this theoretical paper, I will leave this to future research. 

The following analysis will draw upon the following five equally weighted indicators: 

maternal health, child health, education, living conditions and asset endowment. A household 

is deprived in maternal health if any woman in reproductive age (15-49) has a BMI smaller 
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than 18.5, and in child health if any child has a weight-for-age z-score below -2.5 according 

to WHO statistics. These two indicators differ from the rest of the indicators in the sense that 

they lack definite lower boundaries. Thus, appropriate boundaries are chosen on the basis of 

medical reports. In the case of the BMI, encyclopedia.com states that “a BMI between 13 and 

15 corresponds to 48 to 55 percent of desirable body weight for a given height and describes 

the lowest body weight that can sustain life”. In the case of weight-for-age z-scores, medical 

research of Bern et al. (1997) revealed that weight-for-age z-scores below -4.4 were no longer 

associated with an increased risk of mortality. In response, the minimum levels of 14 and -4.5 

were chosen for the normalisation of BMI and z-scores, respectively. For all other indicators, 

the minimum level utilised for normalisation is the natural boundary zero. 

A household is deprived in education if none of its members has at least five years of 

schooling. 

In order to capture the living conditions of a household, I follow a methodology suggested by 

Bérenger and Bresson (2010) and derive a composite index that comprises quantitative and 

qualitative aspects of living conditions. Precisely, the number of sleeping rooms per head 

adjusted by household composition is utilised as an indicator for overcrowding that is refined 

through the application of a coefficient of penalty that addresses i) structural quality as 

indicated by flooring conditions and connection for power supply, and ii) the quality of 

physical amenities as indicated by the quality of drinking water, toilet facilities, and cooking 

fuel. For each of these equally weighted indicators, the threshold is the respective MDG 

standard as used for the calculation of the MPI. Following Bérenger and Bresson (2010), I 

choose 0.3 as threshold for the final composite index. 

Finally, a weighted asset index captures household deprivation in asset endowments. It 

comprises the MPI items i) television (0.15), ii) bicycle (0.16), iii) radio (0.10), iv) telephone 
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(0.18), v) motorbike (0.21), and vi) refrigerator (0.20)8

0M

. According to the characteristics of the 

distribution, households with a weighted asset index below 0.27 that do not own a car or truck 

are considered deprived. Based on these indicators,  is calculated with a dual cut-off of 

20% of the weighted sum of indicators. The multidimensional FGT index and the Inequality 

Sensitive Poverty Index (ISPI) ISP  are calculated for the cases 5.1==αθ  and 2== αθ . 

[Place table 1 here] 

It is immediately obvious from table 1 that distinct rank changes are caused by utilising 

cardinal indices instead of the ordinal 0M . Sixteen countries experience rank changes once 

the multidimensional FGT index is applied instead of 0M , the highest change being a loss of 

seven places in the case of Liberia, which is actually huge given the relatively small sample 

size. As is obvious from the table, this change is mainly due to the high levels of poverty 

intensity within the two dimensions years of schooling and assets that only cardinal indices 

are able to capture. Interestingly, Liberia experiences yet another distinct rank change in case 

the ISPI is utilised instead of the FGT index. Intuitively, since poverty in Liberia is mainly 

concentrated in two dimensions, inequality between dimensions can be expected to be 

relatively low, reflected in a lower ISPI value. This is indeed the case. Liberia reduces a lot of 

the losses induced by its within-dimensional failures in the dimensions education and assets 

and gains five places back in the ranking once the ISPI is utilised instead of the FGT index. 

India, on the other hand, has a rather low degree of inequality within dimensions so that it 

gains four places in the ranking once the FGT index is utilised in place of 0M . However, 

poverty intensity and inequality between dimensions, though not high, are nevertheless 

distinct, reducing the places gained to two once the ISPI is utilised in place of the FGT index. 

                                                 
8 Brackets contain the weights of the respective items, calculated as the inverse of the frequency with which 

these items are observed across the sample. 
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Yet another interesting case is Nigeria. Nigeria demonstrates a combination of slightly 

increased within and between dimensional inequality when compared to its reference 

countries in the ranking. This characteristic induces a loss of two places once the FGT index 

is applied instead of 0M  and a loss of yet another two places once the ISPI is applied instead 

of the FGT index. 

These examples plainly illustrate that the characteristics of poverty in a specific country are 

more and more uncovered through the change from 0M  to the FGT index to the ISPI. The 

importance that is attributed to these characteristics depends of course on the individual 

choices of θ  and α , the parameters that express the aversion against within and between 

dimensional inequality.  

[Place table 2 here] 

Table 2 summarizes the results for the case that parameter values are increased from 

5.1==αθ  to 2== αθ , indicating increased levels of inequality aversion. The resulting 

changes affect especially those countries that either show rather low or rather high levels of 

inequality, as the significance of outliers gets more pronounced as the level of inequality-

aversion increases. Nigeria, for instances, looses two additional places in the ranking, one 

place is lost through the change from 0M to the FGT index, the other through the change from 

the FGT index to the ISPI. 

The empirical results reveal the importance of accounting for within and between dimensional 

inequality: The character of poverty is very different from country to country and the more 

comprehensively a poverty measure accounts for this, the more accurate is the insight gained 

into the very character of poverty in a region, country, district etc. This additional insight 

bears the potential to increase precision and effectiveness of poverty reducing strategies. 
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Conclusion 

Inequality between dimensions is usually treated as association-sensitivity. However, such an 

equation seems to be too narrow and has some serious implications on the axiomatic 

foundation of multidimensional poverty indices. The definition of association-increasing 

switches as defined so far concentrates solely on the effects of association increases in 

dependence of the kind of attributes that are involved, i.e. whether the attributes that are 

switched are substitutes or complements. It neglects the issue of who the beneficiary of the 

respective switch is and how poverty indices might or might not change with a switch of 

beneficiaries.  

In fact, in case the respective attributes are complements, association-increasing switches as 

they are defined today violate the economic principle of pareto-efficiency. This paper 

introduces an additional axiom that ensures pareto-efficiency of association-increasing 

switches. 

But the issue goes even further; in fact it comprises the broader question what happens in case 

of switches between individuals that are deprived in a different number of dimensions. It is a 

highly relevant question that is a direct consequence of the restrictive interpretation of 

inequality between dimensions and in fact reveals that inequality is more than association-

sensitivity. More precisely, this paper follows a definition already introduced by the author in 

a previous paper (2012), defining inequality between dimensions as the association-sensitive 

spread of simultaneous deprivations across a society. In consequence, this paper suggests the 

introduction of a switch between individuals that are deprived in a different number of 

dimensions whose effect on poverty does not only depend on the relationship among 

attributes but also on the choice of the beneficiary of the respective switch. The paper 

demonstrates how the new axiom can be utilised to derive a whole new class of poverty 

indices. This class is unique in the sense that it is the first class of additive poverty indices 

that i) explicitly accounts for inequality between dimensions as the association-sensitive 
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spread of simultaneous deprivations across society, and, as a result, ii) improves the precision 

and detailedness of poverty profiles, thereby enhancing the targeting of poverty reduction 

policies. 

Though this paper constitutes only a first step towards the measurement of inequality between 

dimensions in a broader sense, the empirical application in this paper plainly reveals its 

relevance and the need for further research in this important area. 
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APPENDIX 
Proof of Proposition 1.  

The ‘if’ part of the proposition is straightforward to verify. To prove the ‘only if’ part, I 

proceed by induction on population size (see also Rippin 2012). Suppose that the new index 

( )zX;P  satisfies the axioms stated in the proposition.  

Individual i is deprived in attribute j if jij zx < , i.e. 1=ijc . Likewise, 0=ijc if jij zx ≥ . 

Now suppose ∈X X 1 . Let 1x  denote a vector of achievements with jj zx <1 for all j and 1x  a 

vector with zero achievement in all attributes, i.e. 01 =jx for all j. Finally, let 1x  be a vector 

of achievements with jj zx ≥1 for all j. Then by normalization (NM), 1)( 1 =xP  and 

0)( 1 =xP . Let ]1,0[)( 1 ∈⋅cf  denote the general identification function of the poor. From 

monotonicity (MN) and inequality sensitivity (IS) it follows that )( 1⋅cf  is increasing in ⋅1c  

with a nondecreasing (nonincreasing) marginal in case attributes are substitutes 

(complements). Thus, 1)}(max{ 1 =⋅cf  for all 11 xx ∈⋅ , expressing absolute poverty and 

0)}(min{ 1 =⋅cf  for all 11 xx ∈⋅ , identifying the case of no poverty. 

Suppose ∈X X 1 \ }{ 1x . Then there exists at least one achievement level X∈jx1
~ with jij zx ≤~  

for some { }kj ,...,1∈ . Then, );~()()~( 111 jjjj zxgafxP ⋅= c .  

Aggregating under factor decomposability (FD) leads to the general formula 
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with 1],0[ Rg →∞  being continuous and non-increasing due to continuity (CN) and 

monotinicity (MN). Also, fulfilment of uniform majorization (UM) requires convexity of (.)g  

(see Chakravarty, Mukherjee and Ranade 1998, p. 184). Finally, due to normalization,  

1)0()0()0()(
111 ==== ∑∑ ==

gaggaP k

j j
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that ctg =)(  for all 1≥t  with 1<c  being a constant. Please note that 0)( 1 =xP  as required 

by normalization (NM) is already satisfied by 0)}(min{ 1 =⋅cf  for all 11 xx ∈⋅ . 

Suppose proposition 1 is true for all N∈n . 

Now, let ∈X Xn+1 }},...,1{},,...,1{{ kjniij ∈∈=′ xX,  and }},...,1{,1{ kjniij ∈+==′′ xX .     (3) 

When extending )( 1⋅cf  to a society with n individuals, the identification function in its most 

general form may i) depend on the deprivation vectors of other individuals, ii) differ across 

individuals, iii) depend on the population size n. 

The first possibility is immediately ruled out by subgroup decomposability (SD), i.e. 
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Next, I will show that the second possibility can be excluded, i.e. n
i

n
i ff ′=  for all Ν∈′ii, . 

Consider any N∈ii ~,ˆ . Let ∈X Xn xx ˆˆ =⋅i whereby  with xxx ≠≠ ˆ  and xx =⋅i  for all ii ˆ≠ . 

Likewise, let ∈′X Xn xx ˆ.~ =′i be such that  and xx =′⋅i  for all ii ~≠ . Using normalization (NM) 
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);();( zXzX ′= PP  and thus )ˆ()ˆ( ~ˆ ⋅⋅ = cc n
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n
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i
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i ff ′=  for all N∈′ii, . I denote this 

common function nf . 

Finally, also the third possibility can be excluded, i.e. nn ff ′= for all N∈′nn, . 
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Proof of Proposition 2.  
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Proof of Proposition 3.  
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APPENDIX B 
Fig. 1   The Correlation Sensitive Identification Method 

 

Source: Own compilation 
 

Fig 2   Pareto-Efficiency and Association Increasing Switches 
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Source: Own compilation 
 
Tab 1   The Axiomatic Foundation of Selected Classes of Cardinal Poverty Measures 

Axioms  
FGTP  1CP  WP  2CP  BCP  ISP  

Anonymity (AN)        
Continuity (CN)        
Monotonicity (MN)        
Principle of Population (PP)        
Strong Focus (SF)        
Subgroup Decomposability (SD)        
Factor Decomposability (FD)        
Normalization (NM)    ()    
Scale Invariance (SI)        
Uniform Majorization (UM)      /  15 
Nondecreasingness under Association Increasing Switch (NDA)      /  15 
Nonincreasingness under Association Increasing Switch (NIA)      /  16 
Nonincreasingness under Pareto-efficient Association Increasing 
Switch (NIPA)        

Inequality Sensitivity (IS)        
15 αδ > Only satisfied in case attributes are substitutes, i.e. for  
16 αδ < Only satisfied in case attributes are complements, i.e. for  

ρ

δ

1>α

1<α

0 min
IMδ 1=

min
ISδ

1ˆ <= αδρ

1ˆ >= αδρ

δρ ˆ~ =

1=maxρ

δδ ˆmin =U
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