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Abstract

The random coefficients model is an extension of the linear regression model which
allows for additional heterogeneity in the population by modeling the regression co-
efficients as random variables. Given data from this model, the statistical challenge
is to recover information about the joint density of the random coefficients which is
a multivariate and ill-posed problem. Because of the curse of dimensionality and the
ill-posedness, pointwise nonparametric estimation of the joint density is difficult and
suffers from slow convergence rates. Larger features, such as an increase of the density
along some direction or a well-accentuated mode can, however, be much easier detected
from data by means of statistical tests. In this article, we follow this strategy and
construct tests and confidence statements for qualitative features of the joint density,
such as increases, decreases and modes. We propose a multiple testing approach based
on aggregating single tests which are designed to extract shape information on fixed
scales and directions. Using recent tools for Gaussian approximations of multivariate
empirical processes, we derive expressions for the critical value. We apply our method

to simulated and real data.
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1 Introduction

In the random coefficients model, n i.i.d. random vectors (X;,Y;), i = 1,...,n are observed,
with X; = (Xj1,...,X;q) a d-dimensional vector of design variables and

Yi=Bi1Xi1 + BigXig+ ...+ BiaXia, i=1,...,n. (1.1)
The unobserved random coefficients 8; = (Bi1,...,06i4), ¢ = 1,...,n, are i.i.d. realizations

of an unknown d-dimensional distribution Fg with Lebesgue density fg. Design variables
and random coefficients are assumed to be independent. The statistical task is to recover
properties of the joint density f3, which is assumed to belong to some nonparametric class.

In this work, we derive tests for increases and modes of fg.

For d = 1, the random coefficients model simplifies to nonparametric density estimation. For
d > 1, recovery of fg is an inverse problem with ill-posedness depending on the distribution
of the design vectors X;. If the design is sufficiently regular, the inverse problem is mildly
ill-posed. Otherwise, the model can be severely ill-posed or even be non-identifiable. In
this work, we study the mildly ill-posed regime and consider in particular the random

coefficients model with random intercept
Yi=Bix+Bi2Xizg+ ...+ B8iaXia, i=1,....m, (1.2)

which can be obtained from (I.1)) setting X; 1 = 1, almost surely.

Random coefficients models appear in econometrics and epidemiology and are used to model
heterogeneity in the population. While the standard linear regression model accounts for
heterogeneity only by an intercept that varies across the population, the random coefficients
model allows in addition that different individuals have different slopes. Applications in
epidemiology are considered by Greenland [27]; Gustafson and Greenland [28]. In eco-
nomics, random coefficients models are frequently used for the evaluation of panel data, cf.
Hsiao [33] or Hsiao and Pesaran [34], Chapter 6, for an overview. Modeling and estimating
consumer demand in industrial organization and marketing often makes use of random co-
efficients [7; 405 39; [8; [14]. In all these works, parametric assumptions on fg are imposed.
Recently, nonparametric approaches to deal with the presence of random coefficients be-
came popular in microeconometrics [31; 37; B0; 18], frequently combined with binary choice
1355 245 255 B8; [17; 22, among others].

The random coefficients model also includes quantum homodyne tomography. In this case,

we observe ®; and

Y; = Q;cos(®;) + Psin(®;), i=1,...,n, (1.3)



with (Q;, P;) i.i.d. random variables which are unobserved and independent of ®;. The ®;
can be chosen by the experimenter and are typically uniform on [0, 7]. The interest is in
reconstruction of the Wigner function which takes the role of the joint density of (Q;, P;).
Because P; and @); are not jointly observable, the Wigner function can take negative values.
For more on quantum homodyne tomography and the Wigner function, see Butucea et al.
[10].

We propose a nonparametric test for shape information of the joint density fg in the random
coefficients model. The focus will be on a test for directional derivatives and modes. The
nonparametric estimation theory for fg has been developed in Beran and Hall [6]; Beran
et al. [B]; Feuerverger and Vardi [2I]; Hoderlein et al. [3I]. Due to the ill-posedness of the
problem and the curse of dimensionality induced by d, pointwise estimation rates are slow.
The reason is that small perturbations in the signal are indistinguishable from the data.
Nevertheless, we can get good detection rates for larger features, such as an accentuated
mode or a strong increase in the joint density along some direction. From a practical
point of view, the relevant information regarding an unknown density is typically its shape
rater than its precise, full reconstruction. As a practitioner, one would like to recover
increases/decreases and the modes of a density. If, say, two modes in the joint density
of two random quantities are detected, this indicates that two different groups can be

identified. Hence, shape information allows to interpret a given dataset.

Larger features of the density will also be discovered by a nonparametric estimator even if
it suffers from slow pointwise convergence. There are, however, two important reasons, why
a testing approach might be more appropriate. Firstly, with a significance test of level «
we can conclude that with probability 1 — « a detected feature is not an artifact. Secondly,
for an estimator we need to pick one bandwidth or smoothing parameter while detection
of different features might require different bandwidth choices depending on the size of the
hidden features themselves. Indeed, a short and steep increase will be best detected on
a small scale whereas for finding a longer and less strong increase the choice of a larger
bandwidth is beneficial. Using multiple testing methods, it is possible to combine a whole

range of smoothness parameters into one test and to adapt to different shapes of features.

We construct a so called multiscale test, aggregating single tests on different scales and di-
rections. Multiscale tests can be viewed as a multiple testing procedure specifically designed
for non-parametric models. Given a model, the theoretical challenge is to prove that a mul-
tiscale statistic can be approximated by a distribution free statistic which is independent
of the observations. This allows us then to compute quantiles and to find approximations
for the critical values of the multiscale statistic. So far, qualitative feature detection based

on multiscale statistics has been studied for various nonparametric models, including the



Gaussian white noise model [15], density estimation [I6] and deconvolution [42]. All these
results are univariate and based on empirical process theory. In a multivariate and non-
Gaussian setting we are facing the problem that the classical KMT construction is unfit
for multiscale problems as it imposes rather strong conditions. Instead, very recent results
on Gaussian approximations of suprema of multivariate empirical processes developed by
Chernozhukov et al. [11] can be used [19; 41} in the context of multivariate deconvolution
and multivariate linear inverse problems with additive noise, respectively]. In this work, we
extend these techniques. The main difficulties are twofold. First, we need to derive specific
properties of the inverse Radon transform for general dimension d. Second, in contrast to
the other works on multiscale inference, no distribution free approximation can be obtained
and we therefore need to study the approximating process if several unobserved functions

are replaced by estimators.

In order to study the power of the multiscale test, a theoretical detection bound and numer-
ical simulations are provided. The theoretical result gives conditions under which a mode
will be detected. In a numerical simulation study, we investigate the power of the test for
increases/decreases along some direction and mode detection in dependence on the sample
size and the design variables. We also analyze real consumer demand data from the British

Family Expenditure Survey.

Let us briefly summarize related literature on testing in the random coefficients model.
Under a parametric assumption on the density fg, Beran [4] considers goodness-of-fit testing
and Swamy [43]; Andrews [2] test whether some of the random coefficients are deterministic.
The only test based on a nonparametric assumption was proposed recently by Breunig and
Hoderlein [9]. It allows to assess whether a given set of data follows the random coefficients

model.

This paper is organized as follows. In Section [2, we describe the connection between the
random coeflficients model and the Radon transform. Rewriting the model as an inverse
problem in terms of the Radon transform reveals the ill-posed nature of the model. This
allows us to construct and to analyze the multiscale test in Section [3] In this part we also
derive the asymptotic theory of the estimator and obtain theoretical detection bounds. In
Section[4]the test is studied for simulated data. As a real data example, consumer demand is
analyzed in Section [p] Proofs and technicalities are deferred to a supplement. The Python

source code is be available online.

Notation: Throughout the paper, vectors are displayed by bold letters, e.g. X,3. In-
equalities between vectors are understood componentwise. The Euclidean norm on R? is
denoted by ||-|| and the corresponding standard inner product by (-, -). We further denote by
el,...,eq € R? the standard ON-basis of the d-dimensional Euclidean space, S%~! denotes



the unit sphere in R? and we write Z for the cylinder Z = R x S*"!. Furthermore, we

write v for any direction v = 3% vje; € S47L. For two positive sequences (an)n, (bn)n,

j=1
an < by or b, 2 a, mean that for some positive constant C, a,, < Cb,, for all n. As usual,

we write a, < by, if a,, < b, and b, < ay.

~

2 The random coefficients model as an inverse problem

The random coefficients model can be writ-
. {b € R?|(b,0) = s} 52“
ten in terms of the Radon transform [cf. [5].
This allows us then to interpret the model

as an inverse problem. In this section, we

v

. . . s
summarize the main steps and review rele- f 78
vant results on the inversion of the Radon \\

/ "
transform. Let H® denote the L2-Sobolev
space. The Radon transform is the operator
R: H3(RY) — H T (2), with

Rf(5,0) = / £(b) dpig_1(b)

(b,0)=s

and jg_1 the surface measure on the (d — 1)-dimensional hyperplane {b € R¢ : (b,8) =
s}. The Radon transform maps therefore a function to all its integrals over hyperplanes

parametrized by (s,0) € Z. The figure above shows the parametrization in two dimensions.

For the connection between the Radon transform and the random coefficients model (1.1
we consider the normalized observations

Y; X;
! = ! 1=1,...,n.

S; : . O : :
Xl Xl

The random vectors ©; take values in the (d — 1)-dimensional sphere S¢~!. In the random
coefficients model with intercept , ©; is always in the upper hemisphere, i.e. the first
component of @; is positive. In this case, we extend the distribution of ®; to the whole
sphere by randomizing the signs of the design variables. For this purpose, we generate
independent random variables (;, i = 1,...,n, with P(¢; = 1) = P(¢; = —1) = 1/2, which
are independent of the data (X;,Y;), i = 1,...,n, and define S; := (;Y;/||X;|| and ©; :=
GiX;/||X;||. Independent of the symmetrization, we have S; = (®;,3;). The conditional
distribution of S1|0©; is therefore

Fojo(2]0) = B(S) < 2@, = 8) = B((©,,6)) < 2|0, = §) = / (Rfs)(s,0) ds,

—0o0



and the conditional density becomes

fsie(s0) = (Rfg)(s,0). (2.1)

Recall that we have access to an i.i.d. sample (.S;, ©;) of the joint density fge@. This allows
for nonparametric estimation of fg g using the fact that fge(s|0) = fse(s,0)/fe(0). Ap-
plying the inverse Radon transform to this estimate gives an estimator for the joint density
fa. This inversion scheme suffers from two sources of ill-posedness. Firstly, dividing by
fe might result in very unstable reconstructions if fg is small. This can be avoided by
imposing regularity on the distribution of the design variables X;. If this regularity is vio-
lated and we systematically miss observations from some directions, the problem becomes
unevenly harder and only logarithmic convergence rates can be obtained [see [12; 23; 32].
When the support of ®; does not contain an open ball fg might be non-identifiable. Sec-
ondly, even with regularity on the distribution of the design, the Radon inversion is known
to be an ill-posed problem with degree of ill-posedness (d — 1)/2. Hence, regularization of

the inversion scheme is necessary.

In this work, we study the mildly ill-posed case where the random directions ®;,¢ =1,...,n,
are sufficiently regularly distributed over the sphere and the ill-posedness is only due to the
inversion of the Radon transform. The precise assumptions on the design are stated in
Section

Our approach makes use of the following explicit inversion formula of the Radon transform.

Define the operator A via
Af(s,0) = Had{ ' Rf(5,0), (2.2)

where Hy denotes the identity for d odd and the Hilbert transform with respect to the
variable s for d even. Let ;! = (—1)(¢=1/227dx1=d for d odd and ¢ = —(—1)%22-dx1~d

for d even. Let ¢ be a Schwartz function on RY. Then we have the inversion formula
¢ =c; R*Ap, (2.3)

cf. Theorem 3.8 in Helgason [29]. Here R* is the adjoint of the Radon transform with
respect to the L? scalar product. It is also called the back projection operator. Notice that
our constant ¢y differs from the constant in [29] as we use the standard definition of the
Hilbert transform and defined R* as the adjoint of the Radon transform (as opposed to the

dual transform).



3 Multiscale tests for qualitative features

3.1 Multiscale inference

The goal of this work is to derive confidence statements for qualitative features of the joint
density of the random coefficients. In particular, we are interested in the detection of modes
(local maxima) of the density. Following the approach of Schmidt-Hieber et al. [42], we
express the features in terms of differential operators. To be precise, for a collection of

compactly supported, non-negative and sufficiently smooth test functions ¢ j consider the

integral
d
/ $t,n(D)0y f(b) db = ka/ on h(b)ifﬁ(b) db (3.1)
Rd ’ 1 R4 ’ abk
for some directional vector v = (vi,...,vq)" and d > 2. Since there should not be any

favored direction, we consider in the following radially symmetric test functions,

1 -—t
¢t,h('): thOl(Sd_2)¢(“ h H) (32)

with a non-negative and sufficiently smooth kernel ¢ : [0, 00) — [0, 00) with [~ ¢(u)du =
1 and support on [0,1]. Vol(S?2) denotes the volume of the sphere S¥=2 ¢ R?! and
Vol(S°) := 2. Notice that ¢y, is supported on the ball By(t) with center t and radius h.

The normalization for ¢gj does not entail that ¢y j integrates to one but turns out to be

convenient.

If the integral (3.1]) is positive, there exists a subset of By, (t) with positive Lebesgue measure
on which 0y fg is positive. On this subset, fg is thus strictly increasing in direction v.
Similarly, we can recover a decrease if the integral (3.1]) is negative. To construct a statistical

test for increases and decreases it is therefore natural to use an empirical counterpart of
the functional defined in (3.1)).

Let T = {(t,h,v) : h € (0,1],h <t < 1—h,v € S¥1}, where the inequalities for the
vector t are understood componentwise. For statistical inference regarding the sign of
the directional derivatives of fg, we fix a subset 7, C T and test for all (t,h,v) € T,

simultaneously the corresponding hypotheses of the form
HEM / Ge1 (D)0, f3(b)db < 0 versus HEMY / Gen(b)dy f3(b)db >0 (3.3)
’ Rd ’ Rd
and

HEMY / de.n(D)Dy f3(b)db >0 versus HI™Y / den(D)dy fa(b)db < 0. (3.4)
’ R ’ R¢



We would like to point out that all ideas and all asymptotic properties that are presented
in the following apply if h <t <1 — h is replaced by a+ h <t < b — h for arbitrary, fixed
vectors a < b € R in the definition of the set 7. For ease of notation, we set a = 0 and
b = 1 to derive the theory. In the following, we adopt some of the arguments from Eckle
et al. [19] to give interesting applications for tests of the form and (3.4).

Simultaneous tests for these hypotheses can be used to obtain a graphical representation
of the local monotonicity behavior of a bivariate density. To this end, define a subset
I {(fj, ho,v;) :j=1,...,p} for a fixed scale hg of the form 7,, = T¢ x {ho} x Ty, where
Tt contains the p/|Ty| vertices of an equidistant grid of width 2hy and 7Ty contains the
directions. We consider four equidistant directions on S! given by Ty = {v1, —V1,Va, — va}.

tgah07vj _ Ht]7h07 Vj
- 0

Since 7y = —7y we have symmetry in the hypotheses, i.e. H and we

tj7h07

)

therefore test only H, Y7 for all triples (tj, h(],Vj) € Tn. F1gure displays an example

for the test outcome Wlth the hypotheses in and T, above. An arrow in a direction
v; at a location t represents a rejection of the corresponding hypothesis H, t”ho’vj and
provides therefore an indication of a positive directional derivative of fg in dlrectlon v; at
the location fj. A detailed description of the settings used to generate Figure || and an

analysis of the results is given in Section

3
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Figure 1: Ezample of a global map for monotonicity of a bivariate density.

A second application of tests for the hypotheses and is the detection of specific
shape constraints such as a mode at a given point by € R%. For this purpose, we fix a
bandwidth h and consider pairs (t1,v1),..., (tp, Vvp), where v;, j = 1,...,p, are directional
vectors and the test locations t; are points on the line {bg +rv; : > h} (j =1,...,p)

in a neighborhood of bg. Inference for the presence of a mode at the point bg can now be



conducted by investigating the hypotheses

H(t)f;h’vj versus Hff;h’vj (j=1,...,p). (3.5)
In order to obtain a test procedure which is more flexible in terms of the detection of
modes of unknown or varying accentuations we can also include more bandwidths A, defin-
ing neighborhoods of bg of different sizes. This approach is of particular importance for
densities which have a second mode close to the test location bg. In Section we illustrate
an example of a bimodal density in which two separate tests for the hypotheses with

different bandwidths fail to detect the mode, whereas their multiscale aggregation succeeds.

We now derive an empirical counterpart of the functional (3.1)) in terms of the Radon
transform Rfg. In order to exploit identity (2.1) we make the following assumptions.

Assumption 1. Suppose that the function ¢ in (3.2]) is (d + 2)-times continuously diffe-
rentiable with ¢'(0) = ¢”(0) = 0.

Assumption 2. Suppose that the density fg is compactly supported, continuously differ-

entiable and bounded from below in the test region by a constant cg > 0
fa(b) > cg for all b e [0,1]%.

Remark 1. Assumption@ provides basic and intuitive assumptions on the density fg. They
are however too restrictive for quantum homodyne tomography (model ), where the
density fg is given by the Wigner function. The Wigner function can take negative values
and is not compactly supported. In the example of quantum homodyne tomography, we
therefore replace Assumption@ by the following conditions. Suppose that fg is continuously
differentiable and, for some v,e > 0,

(i) |fa(®)| < [|bl|~4F for all b € RY;

b — b
(1 + min{[[b[], [[b’||})4*+7+

(i) |fa(b) = fa(P')| < for all b,b’ € RY;

(1ii) There exist constants §,cg > 0 such that for every hyperplane P C R? with PN[—6,1+
8]4 # 0 it holds that

[ 5a0)daar(0) = s

Under the assumptions above the inversion formula holds for partial derivatives of
the test functions Oy ¢t . This is a direct consequence of Theorem 3.8 in Helgason [29].
The following lemma analyzes the structure of a partial derivative of the test function
transformed by the operator A introduced in and how this transform depends on h.



Lemma 3.1. Work under Assumption[] and let

o(2) == /000 rd_22¢> (\/ 224+ 7“2) dr with z € R. (3.6)

0z
Then

Ao (5,0) = Do) g gta-n) (2000

where A and ¢y}, are defined in (2.2) and (3.1), respectively. Moreover,
(i) AOvden)lloo S H T

(i) [[A(Ovoe h)HLk(Z h= =R for k> 1.

For a given triple (t,h,v) € T we study the statistic

67,7 T(d— S’L - <t7®z>
Tepv = IZ v) Hd¢(d 1))<f>.

By Lemma the expectation of this statistic can be written as
BlTu] = [ [ WA @605 0) o (s10)dsao.
si-1 JR

where d@ denotes the surface measure on S¢°1, ie. |Sg| = |, 5o @0 for any measurable
Se C S%1. By an application of the inversion formula introduced in (2.3) and Lemma 5.1

in Helgason [29], we obtain

B[Tuns] = —cah™/% [ 60a(0)0, fa(b)ab. (37)

Up to rescaling, T% p, v is thus an empirical counterpart of the functional defined in (3.1)).

The statistic Tt v depends on the density fe. In quantum homodyne tomography this
density is known. However, for many other applications fg needs to be estimated from the
data. In this case, we assume that we have an estimator f@ for fe based on an additional
sample (5;,0;),i =n+1,...,2n which is independent of (S;,®;), i =1,...,n. We replace

fe by its estimator and consider the test statistic

L G‘)Z,V _ Sz — <t,@i>
Tthv = n\fz ) d¢(d 1))<T> (38)

10



3.2 Assumptions on the design

As mentioned in Section [2] the inverse problem might become severely ill-posed or non-
identifiable if the density fe@ approaches zero for some directions. This section provides
conditions on the design which ensure that fg has Holder smoothness and is bounded from

below and above. These results are of independent interest.

In the random coefficients model (1.1]), the density f@ can be expressed in terms of the
density fx via fe(0) = fooo 741 fx (r@)dr. This provides a simple relationship to check

whether fg is bounded from below for a specific design.

The special case of the random coefficients model with intercept (1.2) is more restrictive.
In this case, we write fx as a function of = (3,...,24) € R, This yields the explicit
formula

02 Hd), (3.9)

1

fe(0) = fo(aa cee 9*1
see for a proof. A necessary condition for the assumption that infg fe(60) > 0 is
given by fx(z) > |||~ as ||z|| — oo. This corresponds to Cauchy-type tails of the
design variables. Thinner tails will increase the ill-posedness of the problem. To avoid very
technical proofs, in the random coefficients model with intercept we consider only the case

where (Xj2,...,X, q) follows a multivariate Cauchy distribution, i.e.,
fx(z) = 2 L) - a7

md2|S2(1+ (z — p) T2z — p))

for = e R (3.10)

with g € R4! and ¥ € RE-D*(=1) 5 symmetric and positive definite matrix. We can

compute fg explicitly using (3.9))

I'(d/2)

fo(0) = d/21y°(1/2 (92 d \Ty—1 d d/2’
2m/ 2|3 (91 + ((sgn(91)9j - |91’Hj)j:2) X ((sgn(91)9j - |91’Nj)j:2))

(3.11)

where sgn(-) denotes the signum function. In this case, fg is bounded from above and
below and continuously differentiable on the hemispheres Si_l = {0 €S| 6; >0} and
sS4 .= {@ € S%! | 6, < 0}. In particular, if (X;a,...,X;4) is standard Cauchy, then the

density fe is constant. In the general case, we make the following assumption.
Assumption 3. Suppose that either

(i) fx(x) < ||| =9 for all € € RY and some € > 0;
(i) / r?L fx (r@)dr > ¢ > 0 for all @ € S*1;
0

x — ||
(i) 1fx(@) = Ix(@) S e forae! € B ] = [l and ) > 0;

11



or model (1.2)) holds and fx is of the form (3.10)).

3.3 Asymptotic properties

This section presents the main theoretical result of the paper stating that the standardized
and properly calibrated test statistic can be uniformly approximated by a maximum
of a Gaussian process. For that we need the definition of a Gaussian process on the cylinder
Z. To this end, let B(Z) be the Borel o-algebra on Z. Define the o-finite measure

B(2) —Ry,
E = U(E) = s Jg 1E(0,5)dsd6.

Let (B(Z ))V denote the collection of all sets of finite v-measure and let W denote Gaussian
v-noise on (B(Z),v). For disjoint sets Ey, By € (B(Z))V this implies

W(El) ~ N(O, Z/(El)), W(El U Eg) = W(El) + W(EQ) a.s. and W(El) 1 W(EQ)

[1, Chapter 1.4.3]. W is a random, finitely additive, signed measure. Integration w.r.t.
W can be defined similarly to Lebesgue-integration, starting with a definition for simple
functions and an extension to general f € L?(v) via approximation by simple functions in
the L2-limit. Integration with respect to W yields
/ W (dsd8) = W(E) ~ N(0,1(E)) for E e (B(Z))
E

v?

W)= [ ] 1600 Wdsdo) ~ MO lay) Tor S € L)

and Cov(W (1), W(g)) = (W (), W(g)sae) = (f0)12) for frg € L2(v), where LK(P)
denotes the collection of all random variables whose first k£ absolute moments exist. For
more details, cf. Adler and Taylor [I], Chapter 5.2.

Let us provide some heuristic for the Gaussian approximation of T} ;. The process
(t,h,v) = n(Tenv — E[Tt nv]) has in the important case E[T; ;] = 0 the same mean

and covariance structure as the Gaussian process

Xy =h'/?2 /S - /]R (0, v) (Mad“~) (= 2t’0>) / Jf(:zés) ) Ww(dsas).  (3.12)

In the proof of Theorem below we show that the expectation E[T} 5, ] is asymptotically

negligible in the limit process. The test statistic and the Gaussian process depend, however,

12



on the unknown densities fsg@ and fe which have to be estimated from the data. For

Gaussian v-noise W that is independent of the data let

~ p—1/2 v ~(d—1) s — (t,0) fg,@(s,e) )
Xy =h /gdl/R<0’ ) (Had )( - ) 70 W (dsd®)

and

By = /Sd 1/ (0,v)((Had' V) (s ))2f5@(<;®9(>;rh3 0)d3d9>1/2. (3.13)

The Gaussian approximation result for the family of test statistics T’t,h,v holds for a finite
subset T, C T. Its cardinality may, however, grow polynomially of arbitrary degree with
the sample size. Moreover, the range of bandwidths must be bounded from above and below
by Amax and hAmin, both converging to zero as n goes to infinity. The precise conditions are

summarized in the following assumption.

Assumption 4. Let hyiy = min{h : (t,h,v) € T} and hmax := max{h : (t,h,v) € T,}.
Suppose that |T,| = p < nl for some L > 0 and hpax < log(n)~147/(d=1)=5p27/(d=1)-1

Pin = n~YFE for some e > 0.

Let A, be the set of half-open hyperrectangles in RP, i.e. every A € A, has the represen-
tation A = {x € R : —o0 <z < a} for some a € RP. For finite sets S, and two stochastic
processes (Xsn)ses, and ( sm)ses,» which are defined on the same probability space, we

write

(Xs,n)sESn <~ (Xs,n)sESn
if limy, supac ., | [P((Xon)ses, € A) = P(Xon)ses, € A)| =
Theorem 3.2. For the calibration of the standardized statistic define

log(e/h)
log(log(e¢/h))

o = +/(3d —1)log(1/h) and B =

Then under Assumptions[1{]

Te v — E[Te ]l )) ( (I?Aft,h,vl ))
= - ~ — = .
<ﬁ h(\/ﬁ e o)) wnyer, O P Genn ) ) wnvien

Furthermore, conditionally on the data, the Gaussian approrimation is bounded in proba-

bility by a constant that is independent of n, almost surely.
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3.4 Construction of the multiscale test

With the previous theorem, we can now construct simultaneous statistical tests for the
hypotheses and . If the constant ¢4 is positive then the method consists of
rejecting the hypotheses Hgiv in for small values of IA”UW and rejecting Hg}iv in
for large values of ft,h,w and vice versa if ¢; is negative. Theorem is used to
control the multiple level of the tests. Let a € (0,1) and denote by r,(c) the smallest

number such that

X
Pl sup Bh('f’h’v‘ - ah> <kp(a) | 21—-oa
(t,h,v)ETH Ot,h,v
By Theorem kn(a) is bounded uniformly with respect to n. Define for (t,h,v) € T,

the quantiles

KEMY (@) = Tthv (By, M rn(a) + an) (3.14)

and reject the hypothesis , if

Sgn(Cd)ﬁ7h7V < =k (). (3.15)
Similarly, the hypothesis is rejected, whenever

sgn(cg)Tony > 65" (). (3.16)

Theorem 3.3. Work under the assumptions of Theorem [3.9 and assume that the tests

(3.15) and (3.16) for the hypotheses (3.3) and (3.4) are performed simultaneously for all

(t,h,v) € T,. The probability of at least one false rejection of any of the tests is asymptot-

ically at most «, that is
P(3(6,h,v) € T [Tl > 15" (0)) < a+o(1)

for n — oo.

We further introduce a method for the detection and localization of modes which relies on
the local tests for modality proposed in for a set of candidate modes. We assume that
Ty, fulfills the following condition. For any fixed h and v the set {t : (t,h,v) € T,,} is an
equidistant grid in [h,1 — h]¢ with grid width h. Furthermore, for any fixed t and h the
set {v: (t,h,v) € T} is a grid in S9! with grid width converging to zero with increasing

sample size.

For some bg € (0,1)? let 7,P° be the set of all triples (t, k,v) € 7y, such that ch > ||bg—t| >

2h for some sufficiently large ¢ > 2. Furthermore, the angle between t — by and v must

14



go to 0 when n — oo. We decide for a mode at the point by if for all triples in 7P
all local tests for the hypotheses reject. By choosing the test locations as
the vertices of an equidistant grid no prior knowledge about the location of by has to be
assumed. Theorem [3.4] below states that the procedure detects all modes of the density

with probability converging to one as n — oo.

Theorem 3.4. Work under the assumptions of Theorem[3.9 and assume that for any mode
b € (0,1)¢ there are functions gp, : RY — R, fbo : R — R such that the density fg has a

representation of the form

£8(b) = (1 + iy (b)) fi (I = o) (3.17)

in an open neighborhood of by. Furthermore, let gy, be differentiable in an open neighbor-
hood of by with gp,(b) = o(1) and (Vgp,(b),e) = o(||b —bg||) when b — by for all e € R?
with |le]| = 1. In addition, let fbo be differentiable in an open neighborhood of zero with
o (R) < —ch(1+ o(1)) for h — 0.

If the set
{(t,h,v) €Ty :h > Clog(n)l/(2d+3)n_1/(2d+3)}

is nonempty for some sufficiently large constant C' > 0, then the procedure described in the

previous paragraph detects the mode by with probability converging to one as n — oc.

Note that the rate for the localization of the modes of the density fg is given by the
grid width and equal to n~%/(4+3) (up to some logarithmic factor). Recall that we have
hmax S log(n)_147/(d_1)_5n27/(d_1)_1 by Assumption 4| such that the consistency of the

method requires the condition
- d?—1
77 %4+ 3
where the right hand side is smaller than one for d = 2, 3.

4 Finite sample properties

In this section we illustrate the finite sample properties of the proposed test in a bivariate
and a trivariate setting. In the bivariate setting we illustrate how simultaneous tests for
the hypotheses and can be used to obtain a graphical representation of the
local monotonicity properties of the density. In the trivariate setting we investigate the
performance of the test for modality at a given point by (see the hypotheses in ) and

the dependence of its power on the distribution of X.
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As test function we consider the simplest polynomial which satisfies the conditions of As-
sumption [I] for d = 2, 3, that is,

o(x) = c(56m3 +212% + 62 + (1 - x)ﬁll{x <1}, z€]0,00),

with ¢ such that [ ¢ = 1. Figure |2 displays the function Hdg(d_l) for d = 2 (left panel) and
d = 3 (right panel). Throughout this section the nominal level is fixed as o = 0.05.

=3 -2 -1 0 1 2 ““1o

Figure 2: The function Hqad @Y for d = 2 (left panel) and d = 3 (right panel).

4.1 Inference about local monotonicity of a bivariate density

We follow the multiscale approach in Section to obtain a graphical representation of
the monotonicity behavior for the bivariate density of the random coefficients. To test the
hypotheses we use with T, = Tt X {ho} X Tv. Here, h = hg = 0.5 is fixed and
the set of test locations T¢ is defined as the set of vertices on an equidistant grid in the

square [—1, 2]2 with width one. Finally, the set of test directions are
—1 -1
Ty = {vl =—v3=+2 (1,1)T,V2:7V4:\/§ (71,1)—'—}.

The data are simulated with fg the density of the normal mixture A/((—0.4, —0.57)",0.21)+
TN((1.5,-0.52)7,0.21) + fN/((0.45,1.6) ", 0.151). The design is chosen such that ©; is uni-
formly distributed on the sphere S!'. Figure [1] in Section displays the monotonicity
behavior of the density fg based on sample size n = 20000. Each arrow at a location t in
direction v displays a rejection of a hypothesis . The map indicates the existence of
modes around the points (—0.5,—0.5)", (1.5, —0.5) T, and (0.5,1.5) T and thus reconstructs

the true modes fairly well.

4.2 A local test for modality

In this section, we consider the random coefficients model with d = 3 and investigate the

power of a local test for the existence of a mode at a given location by by testing several
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hypotheses of the form (3.5)) simultaneously. More precisely, six tests for the hypotheses
(3.5)) are conducted for fixed bandwidth A = hy = 1 and

t1 =V = (1,0,0)T = —tQ = —Vg,
ts = vy = (0, 1,0)—r = —ty = —Vy,

t5 = V5 = (0,0, 1)T = —t6 = —Vg.

The postulated mode is given by the point by = (0,0,0)" and we conclude that fa has a
local maximum at the point by, whenever all hypotheses Hgf;hmvj ,7=1,...,6, are rejected,
that is

sgn(cd)ﬁjﬁho’vj > k™Y (), forall j=1,...,6, (4.1)

where "0V () is defined by ({3.14).

Numerical simulations for random coefficients model without intercept: At first,
we consider model with X; ~ Unif[—5,5]3. In the first two columns of Table [1] level
and power of the local test are reported for sample size n € {250,500, 1000} based
on 1000 repetitions. For the level of the test, we used fg(8) < 1(8 € [-5,5]3) and for
the power we took fg as the density of a trivariate standard normal distribution. By
construction, the multiscale method is rather conservative but detects the mode in most
cases. We also propose a calibrated version of the test where the quantiles are chosen such
that the test keeps its nominal level a = 0.05. We point out that this calibration can
be conducted without assuming any knowledge about the unknown densities fg and fx.
Columns four and five in Table [1| contain the level and power of the calibrated tests and

should be compared to the second and third column.

n  level power ‘ level (cal.) power (cal.)

250 0 12.6 5.2 90.4
500 O 53.0 5.2 98.7
1000 O 93.8 5.4 100

Table 1: Simulated level and power of the test (4.1) for a mode and uniform design X; ~
Unif[—5, 5]%. Results with theoretical quantiles are in the second and third column. Results
t;,ho,vy

where Ky () in (4.1) are replaced by calibrated quantiles are in the fourth and fifth

column.

Next we investigate an asymmetric distribution of the directions ©; by sampling X; ~
N((3,0,0)7,2I), with I the 3 x 3 identity matrix. We consider the same test cases as
for Table [I] above. Results are reported in Table 2 Compared to Table [I, we observe a
decrease in the power of the test . The explanation is that the design above is closer to
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a uniform design of ®; on the sphere which makes it simpler to recover information about

the joint density, see also Section

n  level power ‘ level (cal.) power (cal.)

250 0 1.2 5.4 73.3
500 O 8.7 4.8 88.1
1000 O 39.3 5.4 97.5

Table 2: Same as Table but now for normal design X; ~ N((3,0,0)",2I).

Numerical simulations for random coefficients model with intercept: Now, we
study model with d = 3. In a first simulation, we sample the random vectors (Xj 2, XZ-73)T
from a standard bivariate Cauchy distribution, such that the density fe is constant. Ex-
cept for the different design, we consider otherwise the same test settings as above. The
simulated level and power of the test and of its calibrated version are shown in Table
Bl

n  level power ‘ level (cal.) power (cal.)

250 0 9.9 4.8 89.3
500 0 48.6 4.5 99.1
1000 O 95.7 4.6 100

Table 3: Same as Table but now for random coefficients model with intercept and
(Xi2, X, 3)" from a standard bivariate Cauchy distribution.

Finally, we consider two designs which do not satisfy Assumption[3] Table[reports the level
and power for the same setting as above except that now (X 2, Xi73)T is drawn a standard
normal distribution. Table |5 is the same for (X; 2, X;3)" ~ Unif[—5,5]2. We observe only
a slight decrease in the power of the test for normally distributed design compared to the

setting when Assumption [3|holds. Even under uniform design, the test performs fairly well.

n  level power ‘ level (cal.) power (cal.)
250 0 6.3 5.2 86.2

500 O 33.1 4.8 98.6
1000 0O 84.1 4.6 99.9

Table 4: Same as Table but mow for random coefficients model with intercept and
(Xi,Z’Xi,?))T ~ N((()?O)T’I)'
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n  level power ‘ level (cal.) power (cal.)

250 0 1.1 4.8 73.8
500 O 11.8 5.0 87.1
1000 O 39.5 5.3 97.1

Table 5: Same as Table but now for random coefficients model with intercept and
(X2, Xi3)T ~ Unif[-5,5]2.

4.3 A two-scale test

For multimodal densities which have a second mode close to the test location by testing
different bandwidths simultaneously can be advantageous. This is illustrated by the fol-
lowing example, where we consider the random coefficients model without intercept with

d = 2. The data are simulated with fg the density of the normal mixture

0.05 0

0 o.4>)+;N((270)T,0.1.I),

1

7'/\/'((07 O)Ta (

2
We consider a design such that © is uniformly distributed on the circle S'. Sample size is
n = 2000 and o = 0.05. We conducted four tests simultaneously for the hypotheses (3.5))
with by = (0,0)7, a fixed bandwidth h = hg = 1, and

tl = V] = (1,0)T = —tg = —V2,
tg = V3 = (0, 1)T = —t4 = —V4.

This test fails to detect a mode. The same happens (in 94.3 percent of 1000 repetitions) if
we take instead h = hg = 0.5, and test for the directions

t1=(0.5,0)" = —ta, vi = (1,0)T = —vo,

t3 = (0,0.5)T = —tg, v3 = (0,1)T = —v,.
The bandwidth hg = 1 is too large to separate the two modes 2
of fg. On the contrary, hg = 0.5 is too small to detect the
decrease with small slope corresponding to the eigenvalue 0.4
of the covariance matrix in the first mixture component of fg.
By conducting both tests simultaneously, we are however able

to detect the mode at (0,0) in 68.5 percent of 1000 repeti-
tions. Figure [3] provides an illustration of the results of the

eight tests for the hypotheses (3.5 conducted simultaneously. =2 .
-2 -1 0 1 2
Each arrow at a location t in direction v displays a rejection

of a hypothesis (3.5) and the length of the arrows corresponds Figure 3: Rejected hypothe-

to the respective bandwidths. ses of the eight tests.
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5 Application to consumer demand data

Heterogeneity of consumers is a major challenge in modeling and estimating consumer
demand. In several different demand models random coefficients were proposed to account

for the heterogeneity in the population of consumers.

5.1 Model and data

In this section we are interested in the almost ideal demand system (AIDS) which was
initially proposed by [13] with fixed coefficients. This model does not explain demand for
a product itself but explains the budget share spent on a product by a linear equation.
The explanatory variables are log prices and the log of total expenditure divided by a price

index. A detailed discussion of the model is contained in [36].

Fixed coefficients in this model mean that all consumers are assumed to react in the same
way when the price of a product changes. It is well known that some consumers are
very price sensitive and change their behavior significantly with small variations in prices
while other consumers are less price sensitive. This type of heterogeneity can be modeled
by a random coefficient on log prices which is assumed to vary across the population of
consumers. A similar argument suggests a random coefficient on log total expenditure.
Recently, applications of the AIDS using a nonparametric random coefficient specification

instead of fixed coefficients were presented in [30] and [9].

We apply our test for shape constraints to random coefficients in the AIDS for budget
shares for food at home (BSF)

BSF; = i1+ Bi2n(TotExp;) + B3 In(FoodPrice;). (4.1)

Food expenditure is a large fraction of total expenditure and is roughly about 20%.

We analyze the data of the British Family Expenditure Survey which ran from 1961 to 2001.
It reported yearly cross sections for labor income, expenditure and other characteristics of
about 7000 households. Following [30] we use data of the years 1994-2000 only. To reduce
measurement errors only two person households with no children where at least one is
working and the head of the household is a white collar worker is considered. This is quite
usual in the demand literature, see [36]. Budget shares of food at home are generated by
dividing the expenditure for all food consumed at home by total expenditure. The largest
and smallest 2.5% were removed as outliers. Our variables TotExp and FoodPrice are
total expenditure and food prices normalized by a general price index to report relative

prices.
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Assumption [3| and the numerical simulations in Section [4] suggest that our test has more
power when the normalized regressors are approximately uniform on the sphere. We achieve
this by symmetrizing the design in model (4.1)) as follows:

BSF; = @71 + Bi’Q (In(TotExp;) —5) + Bi,g (251In(FoodPrice;) — 0.3) . (4.2)

The relation of the modified model to the random coefficients in (4.1)) is 8;1 = BM — 551-72 —
0.35}73, Bi2 = Bi,g, Biz = 2562-73. Observations of the new variable In(TotExzp;) — 5 lie
between —1.7 and 1.9. The observations of 25 In(FoodPrice;) — 0.3 range from —3.2 to 4.

5.2 Results

For a first evaluation of the data we assumed fixed coefficients in model (4.2)) and estimated
the model with ordinary least squares (OLS).
B ‘ Ba ‘ Bs
0.2302 | —0.0743 | 0.0027
(0.001) | (0.001) | (0.001)

Table 6: Results of OLS for model (4.2)) with fixed coefficients.

In order to find modes of the density we conducted tests on the 5% level of the form
with a fixed bandwidth h = hg = 1.3. We were looking for modes on the equidistant grid
covering [—1.5,1.5]3 with grid width 1.5. Hence, the grid had 27 nodes. For every grid
point b € R? tests of the hypotheses were conducted for the directions and locations

t1 = b+ hoe;, vi=ey, ty =b —hoes, vy4=—eo,
to =b — hoer, va = —eq, ts = b+ hoez, v5=e;3,
ts =b + hoes, v3=ey, te = b — hoes, vg = —es.

where e, 3, e3 denote the unit vectors of R3. We detected a single mode in the neighbor-
hood of the grid point (0,0,0)7.

In the following we will use nonparametric estimation to motivate hypothesis for our test.
It is important that this estimate and the test are independent. We meet the requirement
by splitting the sample in two independent equally sized sub-samples. The first sub-sample
is used for nonparametric estimation of the random coefficient density in model with
the estimator in [31]. Figuregives contour plots for the joint densities of f 1 o fBl, R and
fﬂ~2’ By The nonparametric estimate suggest that the random coefficient density of th By fs

is unimodal and almost symmetric. The estimate suggests that fBl By fs has a mode close
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to

(B1, Ba, B3) = (0.25,—0.17,0.03). (4.3)

This is consistent with the results of the test above which found a mode close to (0,0,0).
Since the marginal densities of 31, 82, 83 are nearly symmetric it is also consistent that the
mode is close to the OLS estimates given in Table [f] With a significantly skewed or with

a multimodal random coefficient density location of modes would differ from OLS.

Figure 4: Nonparametric estimates of the joint densities of f5 5, (left), f3, 55 (middle),
and [z, 5. (right).

We tested on the 5% level if a mode can be verified for the location given by (4.3) with
a smaller bandwidth than in the test above. Six hypotheses (3.5) with a fixed bandwidth

h = hg = 0.5 and the following directions and locations

t; = (0.75,-0.17,0.03) T, vi = (1,0,0)",  t4 = (0.25,-0.67,0.03)", v4 = —vs3,
ty = (—0.25,—0.17,0.03) 7, vo = —v1, t5 = (0.25,-0.17,0.53) T, v5 = (0,0,1) T,
t3 = (0.25,0.33,0.03) ", v3 = (0,1,0), te = (0.25,-0.17, —0.47) ", vg = —v5

are tested. However, the bandwidth A = 0.5 allows only to conclude that a mode exists
within an Euclidean ball with radius 0.5 and center (0.25, —0.17, 0.03)T. Hence, we cannot
be sure that the location of the mode is not (0,0,0)". Our primary interest is in the
coefficients on B2 and 3 on total expenditure and food prices. In order to see if the mode
is indeed in a location where 8> < 0 and 3 > 0 we add the two hypotheses Hgfghmw with
h7 = 0.1 for

t7 = (0.25,0,0.03)"  and vy =(0,1,0)"

as well as Hgfihg’vs with hg = 0.03 for
tg = (0.25,-0.17,0)" and vg=(0,0,1)".

When testing the eight hypothesis simultaneously the existence of the mode was confirmed

was rejected, while we failed

by rejection of the first six hypothesis. In addition, H(t)f’h7’v7
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to reject Hg?_;hs’vg. This gives evidence that the mode is in a location where 82 < 0 but we
cannot decide if Bg > 0 or Bg = 0 at the mode.

Let us return to the initial model (4.1]). The results of our test give evidence that a mode

exists close to
(61, B2,P3) = (1.1,—-0.17,0.75)

with strong evidence that (s is indeed negative. This vector of coefficients describes a
representative member of the majority of consumers. Hence, in the majority group food
budget shares decrease with increasing log total expenditure. However, the nonparametric
estimate in Figure [4] suggests that there is considerable variance among consumers around

this representative member.
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SUPPLEMENT

A Nonparametric estimators for the densities fg and fse

In this section we discuss the estimation of the densities fg and fs e and of some quantities
that rely on the estimates. We use kernel density estimators based on the second half of the
observations (S;,®;),i =n+1,...,2n. The density of the random vector X; is denoted by
fx. Note that fx is a d-variate density in the random coefficients model without intercept
and a (d — 1)-variate density in the random coefficients model with intercept. Throughout

the following, K : R — R is assumed to be Lipschitz continuous, non-negative and [ K = 1.

In the random coefficients model with intercept the symmetrizations S; = (;Y;/||X;|| and
0, = (;X;/||X;|] with Rademacher variables ¢; correspond to point reflections of the den-
sities at the origin. Thus, the density fe is in general not continuous even when the
non-symmetrized density is continuous on the hemisphere Si‘l (see also the representation
(3.11))). However, continuity or smoothness is necessary to control the bias in nonparamet-
ric density estimation. Therefore, we use a two step procedure for the estimation of fg
and fg e in the random coefficients model with intercept. First, we estimate the density of
the non-symmetrized samples Y;/||X;|| and X;/||X;|l, i =n+ 1,...,2n on the hemisphere
Sfl and on R x Sﬂfl, respectively. Smoothness assumptions are reasonable in this step.
Second, we add to these densities their point reflection at the origin and divide by 2 to get

estimates of fg and fge for the symmetrized variables.

In the random coefficients model without intercept, we introduce a kernel density estimate

S Oh) & 1-(©;,0)
fe(0) = R T izn;—lK<hz>j hy >0, (4.1)

where ) 1 0.0) .
C(hy) = he 1(/Sd_lK(hg’>d0’) .

As shown in Bai et al. [3], the integral does not depend on € and C'(h) converges to some

positive constant as h, — 0.

We also propose the following kernel density estimator

foo(s,0) = n}lldc(m) 3 K(l - ;f;:“w)K(S’th ). he>0, (42)
+ i=n+1

to estimate the joint density fse.
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In the random coefficients model with intercept we define estimators for fg and fse
according to (4.1)) and (4.2)), where 6 € Sfl[l and the constant C(h,) is replaced by a
function 8 — C(h.,0), defined by

C(he, ) := hf—l(/sd_l K(l_ﬁgl’m)do’)l (6 € s,

Note that C(h.) < C(hs,0) < 2C(hs) and that C(hs, ) is Lipschitz-continuous with
respect to 8. Using these properties, the proofs of Lemmas and below follow the

same lines of proof if an intercept is included and we therefore omit the details.

By ([2.1]), we have the representation fse(s,0) = fe(0)Rfa(s,8). Therefore, fse(s,0) and
s+ log(|s])%fs,.@(s,0) for |s| > 1 are uniformly bounded since fg is compactly supported
by Assumption @ Moreover, fs @ is Holder continuous with Holder constant «. This is a

straightforward consequence of the Holder y-continuity of fg shown in the proof of Lemma
and the identity

RfI@(S, 0) = /d fg(se + 2101+ ...+ 23-104_1)dx,
Rd—1

where 01, ...,0,_1 denote an orthonormal basis of the orthogonal complement of span{6},
together with the compact support and the Lipschitz-continuity of fg (following from As-
sumption . Basic arguments show that the properties of fgg discussed above also hold
in quantum homodyne tomography under the assumptions presented in Remark We
point out that the marginal densities of the Wigner function which are given by the Radon

transform are nonnegative.

For the estimation of the test statistic YA’t,h,V and the limiting process )A(t’h,v the quantities
1/fe and \/fse need to be estimated. The functions (-)~! and /- are not smooth in zero

and we therefore introduce the cut-off estimators

fo :=fo Vlog(n)™' and fse = fse Vlog(n)~% (4.3)

By the boundedness from below of fg and Lemma it holds f@ = f@ almost surely for

n sufficiently large.

In the next two lemmas we derive convergence properties for these estimators. If in Lemma
fx follows a multivariate Cauchy distribution, then v := 1. Otherwise, v comes from
Assumption 3| (7ii).

Lemma A.1. Let Assumption @ hold and consider ]?@ introduced in (4.1) with h, =
O(log(n) =3/ and h, > log(n)"/(@=Dp=1/(d=1)  Then
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(i) swpesir [E[fo(0)] - fo(6)] = O(h);
(ii)  supgesis |Jo(8) ~ E[Jo(0)]| = Op (/151 )

(111)  supgegi—1 ‘f@( — fe(8)| = O(log(n)™1), for n — oo, almost surely.

In Lemma v comes from Assumption [3[ (777) and Remark [1| (%) in the case of quantum
homodyne tomography.

Lemma A.2. Let Assumption@ hold and consider the estimator f&@ in (4.2) with band-
width choice hy = O(log(n)~3/7) and hy > log(n)3/dn=1Cd)  Then

sup Lﬁg@(S, 0) — fsel(s, 0)‘ = O(log(n)™%)  forn — oo almost surely.
(5,0)ERxSI—1

Proof of Lemma[A.]l We assume that (i)-(ii1) in Assumption [3 hold. If the design density
is multivariate Cauchy, we can derive the properties in a similar way for the hemisphere

Si‘l. In order to prove (i), we start with

lfo(0)] - fo®)| | S [ K(*5 ) se(@)at - fo(o)

& 2
C(hy) 1-(0',0) / /
S o KO liel@) — fo(@]as

Here, we used the compact support of K and the identity 1 — (6,0) = ||@’ — 6|?/2.
Since fo(0) = [;°ri ! fx(r@)dr, we have by Assumptlonl 3 (iii) |fe(8') — fo(0)] <
Joo 1|fx(7“0/) fx(r@)|dr < hi for |0 — 0| < hs. By definition of the constant C(h.),
we obtain ‘E[f@(e)] — fe(8)| < hl and this proves (i).

Next, we bound the stochastic error term (7i) using an entropy argument and Bernstein’s in-
equality. Observe that by the Lipschitz-continuity of K, f@ E(f@) is Lipschitz-continuous
with Lipschitz constant of order h74=1. For a,, 1= /2280 et {6;:j=1,..., M} be defined

hd 17

as the set of smallest cardinality such that Ujj\i B a1, (6;) D S%1 for some constant
d > 0.If ¢ > 0 is chosen small enough, then

P( sup |fo(0) ~E[fo(8)]] > can) < ZP(\f@ ~E[fo(6)]] > Jan).  (44)

6cSd—1

-~

In order to bound the probability, we apply Bernstein’s inequality to f@(ﬂj) —Elfe(6;)] =
> nt1 Zi with

—omr (P50 — L8 (o 0)).
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We find |Z;| < % for some constant Cy > 0, and for some constant Cs > 0,
C(hy)? 1—(0',0)\\2 Cy
2 < 9 / /<
E|Z] T p2p2d-? /Sd1 (K( h2 )) fo(6)d0" < n2hd=1

using the boundedness of K and fg and the definition of C'(h,). Hence, an application of
Bernstein’s inequality yields with (4.4]),

R R —a2c?/8
P(e§§£4|f@<9>-'E[fe<9>]\>’Can) §2A46X¥’<can—1h;d+l+-ccaan<6n>—1h:d+l>'

Since M is a polynomial power of n, the claim follows by choosing the constant ¢ large

enough.

For (iii) one proceeds similarly with the choice a,, = (log(n) loglog(n))~!

bility of the probabilities. O

using the summa-

Proof of Lemma[A.2 We assume that (i)-(ii1) in Assumption 3| hold. If the design density
is multivariate Cauchy, we can derive the properties in a similar way for R x Si‘l. An upper
bound of the bias can be derived similarly to Lemma (i). For the stochastic error

IP’( sup
(s,0)ERxS4—1

we make use of a slightly modified version of Proposition 2.2 in Giné and Guillou [26] which
we state below as Proposition We recall the definition of a VC class of functions. Let

F be a uniformly bounded class of measurable functions on a measurable space (S, S), with

.}?57@(8, 0) — ]E(]?&@(s, 9))’ > log log(n)*1 log(n)2>

a measurable and bounded envelope F'. We say that F is a measurable uniformly bounded

VC class of functions if F is measurable and if there are constants A,v > 0 such that
ANV
%wwM@ﬂwmst)

for all 0 < € < 1, where N (T, d,¢) denotes the e-covering number of the metric space (T, d)

and the supremum is taken over all probability measures on (5, S).

In contrast to Proposition 2.2 in Giné and Guillou [26], Proposition[A.1]|contains the explicit
dependence of the right hand side of (4.5) on the constants A and v. This is necessary as
we consider the class of functions

Fom{(s.0) k(2 K(50). (o) emucstt

which depends on n via hy. By the boundedness of K we find U,0 < 1. To show that

F,, is a VC class of functions, we introduce a discretization of R x S ! as follows: Let
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¢ > 0 be a sufficiently small constant only depending on the kernel K. We chose a grid
{6; :5=1,...,M} of S*! with grid width at most ceh?. Obviously, this is possible with
M; < (e7'hi?)?1. Moreover, introduce the set of intervals I, = [k, k+1), k € Z. For each
probability measure @ there are at most [(ce) 2] sets I;; x St j=1,...,[(ce)?], such
that Q(I;, x S™1) > (ce)?. Let {s;:j =1,..., M} be an equidistant grid of

B [(ce)~%]
I, = {s eR: dist(s, U IZ-J) < 1}
j=1

with grid width chie and let spz,41 denote an arbitrary point in I f?+‘ Basic calculations
show My < 5_3h;1. Moreover, the subset of F,, indexed by

{Sj:j:L...Mg—‘rl} X {Gj:j:L...,Ml} =: {(Sj,9j>:j:1,...,M1(M2—|—1)}
is an e-covering set of F,,. To see this, fix (s,0) € Th+ x S4=1. Then

/R/Sdl K(l—}(Lg,m)K(S—S) —K(l — <@,0j>)K(Sh—+sj>‘2dQ(S,®)

hy 3
N8 -6l | |s—s;l?
ST nZ

by the Lipschitz continuity of K. Hence, by construction of the set I, L X S%1 there exists
je{l,...,Mi(My+ 1)} such that
16 — 011"  |s = sl*
!
hZ h%

For (s,0) € (fh+ x S¥1)¢ we obtain

/R/Sd_1 (K(Sh_+8> + K(S_ﬁb“))QdQ(S, ©) <

since the support of K (h;f) is compact and does not intersect with any of the sets I;; x

< &2

S5 =1,...,[(ce)™?] for h, sufficiently small. A similar argument applies to K(hjrl(- —
smy+1))- Hence,

- d+2
N(F, L2(Q),2) S (e n{ 20/

and F,, is a VC class of functions with v = d +2 and A = A, = h$2d+1)/(d+2). An
application of Proposition [A] yields

IP’( sup ‘.]?S,@(S, 0)— E(f57@(s, 0))‘ > loglog(n) ™! log(n)*Z)
(s,0)ERXxS4—1

2n nhd
= 5i, ©;) — S5i, ©; + >
P(f;ﬁn ‘ izn;rl (7 )~ B )))‘ ” C(h4)loglog(n)log(n)?
< 1 nhid
~ P < " 4K'02C (h4)? loglog(n)? 10g(n)4>

31



for n sufficiently large. We have used that log(1 + x) = x(1 4+ o(1)) for z — 0. The last
line of the equation converges to zero at a summable rate since hy > log(n)3/ dp=1/(2d) 155

assumption which concludes the proof of the uniform almost sure convergence of ]/C:g,(..). O

Proposition A.1. Let P be any probability measure on (S,S) and let &, i = 1,...,n, be
independent with common law P. Let further F be a measurable uniformly bounded VC
class of functions and let 0® and U be any numbers such that o® > supser Varp f, U >
supser [flloo and 0 < o < U. Then there exist universal constants C, K', L. > 0 such that

the exponential inequality

1
SK'exp(tlog(lJr tv 2)
(vVno + Ly/oU\/log(AUo 1)

is valid for all t > C(vU log(AUo 1) + /vno+/log(AUc~1)).

Let us turn to the standard deviation

— ~(d— 2 fse((t,0) + hs,0) 1/2
rine = ([ [ 032 (g0 (0)? 2O D ae) (4

and its estimator defined in (3.13]). The following lemma shows that it is uniformly bounded
from above and below. The proof is deferred to Appendix [B]

Lemma A.3. Under the Assumptions cmd@ there exist universal constants Cq,Cy,ng > 0
such that for any n > ny,
C1 < oppv < Co.

The consistency of the estimates f@ and fS,@ shows that 0y j, v is a consistent estimator of

the standard deviation oy v.

Lemma A.4. Under Assumption[3 it holds that

sup ‘Et’h,v — O't,h,v‘ = O(log(n)*l) for n — oo, almost surely.
(t,h,v)ETn

Proof. By Lemma [A73]

Gty — Ot nyv| < W
o t,0)+hs,0)  fse((t0)+hs,0)
S 0.v)2((Hyd V()2 fso((  Feelt, .
L [0 (tadn) ) o 0.4
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By Assumption fo is uniformly bounded from below. Thus, f@ is almost surely uniformly
bounded from below for sufficiently large n by Lemma [A.1] This shows that

L,
fe(6)*!  fe(0)?
= O((log(n)_l) almost surely.

Fso((8:0) + hs.0) - Fs.0((6,6) +hs,0) — fso((t,6) + hs,6)|

Here we used the boundedness of fsg and

|fs.0((t,6) + hs,0) — fse((t,6) + hs,0)]
< ‘fS’,@((t’H) + h570) - .f/;*7@(<t,0> + h5¢0)‘ + ’ﬁ,@(<t70> + hS,O) - fS,@(<ta0> + h5a0)|
= O(log(n)_Q) almost surely

by Lemma The claim follows now from the integrability of ((’l-ldg(d_l))(s))2 proved in
Lemma [3.1] (7). O

Lemma A.5. Under Assumption |3 we have

\/fg@ 5,0) — 1/ fse(s,0) ‘ = O(log(n 1) for n — oo almost surely.

Proof. This is a direct consequence of

sup
(5,8)ERxS4—1

sup f&@(s, 0) — fsels, 0)’ = O(log(n)™%) for n — oo almost surely

(s,0)eRxS4-1
as shown in the proof of Lemma [A4] and

|Fse(5,0) — fsels,0)] \fse s,0) — fse(8a9)|
[V [se(s.0) —\/fse(s 0)| = og ()1 .

fsel(s, ) fs.e(s, 9)

O]

We discussed in Section [3| that the test statistic Tt relies on the unknown density fe
and therefore we introduced the statistic ﬁ,h,v, where the density fe is replaced by the
estimate ]7@. An important part of the proof of Theorem consists of showing that this
replacement is asymptotically negligible. To this end, the bias of the estimate 1/ ﬁ;(@) has

to be controlled.

Lemma A.6. Under Assumption[3,

sup
fcSd—1

fel( 0) _E<f@1(0))‘ =O(h]) forn — 0.
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Proof. Recall that f@ = f@ almost surely for n sufficiently large by the almost sure uniform
convergence of f@ proven in Lemma and the lower bound of fg. Notice that

‘E(fgl(e) e 9)” ‘ ( ?(?))‘
§)E(f@ )\ E (m {36 Jo(6)) < f0(68))/2}),
< [E(fo(6) 0))| +log(n)h; " 'P(30' : fo(6') < fo(6')/2}).

The almost sure uniform convergence of f@ show that

E(fo(8) — fo(0)) =E(fo(8) — fo(8)) and P(36': fe(d') < fo(6')/2}) =0

for n sufficiently large. Therefore,

*

(f@( ) — f@(9)>‘ <n

oesi-1| N fo(0)fe(0)
since fg is bounded from below by Lemma O

B Further proofs

Proof of (3.9): Recall that in the random coefficients model with intercept

(17 X1727 X1737 s 7X1,d)
(1, X12, X183, X1.0)|’

O =G

where (7 is a Rademacher variable. Hence, we obtain

fo(0) = ;/OOO r5(r; — 1) fx (16, ..., r0q)dr
+ % /000 Td_lé(rel + 1) fx(—rbs,...,—rly)dr
1 [ pd-l
_ 2/0 O = DI 0010 > 0) (4.1)
1 [ pd-l
+ 2/0 ma(r + 1) fx(— g:02,. -, —g-0a)dri{6 <0}

0
2\91\de(9? ?f)

34



Proof of Lemma([3.1 By assumption, ¢, is radially symmetric and satisfies (3.2]). We fix
a direction v € S*! and consider the directional derivative

B 1 (b=t (b—t,v)
8V¢t’h(b)_hd+1Vol(Sd2)¢( h ) b — [ °

where ¢’ is the usual derivative of ¢. The Radon transform of this directional derivative is

R(Dudn)(s,0) = / Bydun(b)dpia_s (b)

(b,0)=s

| (1l — 6\ (b —t.v)
_ (b
R Vol (572) /<b,e>s¢< R ) oo e ()
1 / , <b,v>
= ¢ (||b dpg—1(b).
VST S0y ie vy P T a1 (P)

Set 5= h~!(s — (t,0)). For d > 2, using the definition of ¢ in (13.6),

1 "(|Ib
ROt 0) = vy [ S o)

B 1 /OO gb’(\/m)
CORVOI(S?) Jy o VR g2

= 1 /OO VGRS / (05, v)dwdr
R2Vol(S42) Jo V2 Juiogwier

/ (05 + w, v)dwdr
wlé,||w|=r

_ <0};2V ) /O Ty (V& +) 3‘2§+ —dr
SRl / 1120 (VR dr
SRARE)

_ (0};2v>$<5 - ;:,9)) ‘

For d =2 let w L 0 with ||w|| =1 and write b = s+ rw for r € R. Then

L e IR

R(av¢t,h)(sva) - 12 VOI(SO) /oo \/W
RN )
~ h2Vol(SP) /_oo V242

_(0,v) /Oooqﬁ’( /7§Q+r2>

hQ

(05 + rw,v)dr

(05, v)dr

s
——dr,
V&2 42

¢’(\/§2+r2) . . .. .
————"is an even function. Now w n pr imilarl in th 2.
as r— U,z isaneve unctio ow we can proceed s arly as in the case d >
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If d is odd, the proof of the representation of A(Oy¢yp)(s,8) is completed by taking the
(d —1)-th derivative with respect to the variable s. If d is even, for any function f : R — R,
for any fixed z € R, and for h > 0
s—z 1
d
f( h ) U— s °

Hd(s — f(s ; z))(u) = 71Tp.v./

—00

o0

1 s—z 1
— 2 d

™ ELI(I)lJr (—o0,u—€]Uu+e,00) f< h ) u—3s i

L) Fs) ———d
= — 11m S)—————F—as

T e—0F (—00,(u—2)/h—e]U[(u—z)/h+e€,00) (u - Z)/h - S
:(de)<u_z) for u € R,

by substitution. That Hyf exists is shown below for the choice f = g(dfl). Hence, we
obtain A(By¢en)(s,0) = (8, V)41 (Had 1) (2=50)) for d even.

Next we prove [|[¢®) o < oo for k =0,...,d+ 1. The case k = 0 is obvious. We use the

chain rule for higher order derivatives given by Faa di Bruno’s formula

d* KLttt T8 E)\m
aEh(al) = g)w e rreet A <f2<z>>jHl(2. )"

where M, is the set of all k-tuples of non-negative integers satisfying E?:l jm; = k. Since
2z (V22 +r?) is a.e. (k + 1)-times continuously differentiable, we can interchange the
integral with the k-fold differentiation for the variable z provided that

/000 ‘rd_2§::1¢ (\/ 22 —l—r2> ‘dr

exists for all k =1,...,d + 1. Applying (4.2)) with f; = ¢ and fo = /-2 + 2 gives

ok+1 k+1 ) .
ng (\/ 22 + r2> = Z Cogoongs @) (\/m) H (fg(])(z)) J
(M, ;mp 1) EMp 41 Jj=1

fill m;. Applying the chain rule to fg(j ) yields

féj)(z) = Z ij,k’j 2 (22 + T2)1/2_£j_kj
{éj,kjtéj-‘erj:j}

for suitable constants Cp,, ... m,,, and M = >

for non-negative integers ¢;, k; and suitable constants Cy, x;. As ¢ is compactly supported,

it remains to show that each of the functions

V1—z2
R / P20 (/o212 o[BI s (02 4 MR gy (4.3)
0
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for [z| < 1 is uniformly bounded, where ¢;, k; are arbitrary elements of the set {/;,k; :
lj+2k; =3}, j=1,...,k+ 1. Notice that

k+1 k+1 1
M/2 — Z(@ + kj)mj = 2(5 — Ej — k:j)mj < 0.
j=1 j=1

A uniform bound for the integral on the right hand side of (4.3]) can be found easily when z

is bounded away from zero. We can thus assume that |z| < +/1 — 22. Splitting the integral
f Vi=z2 |z\ + f\/l 22 E
0

and using that by Taylor expansion and Assumption

P\ (\/ 22 —I—r2) < (224292 for j=1,2 and o™ <1 for M < d+2

as well as max{22,7?} < 22 + r? < 2max{22,7?}, we obtain an upper bound (up to some
constant) for the integral on the right hand side of (4.3)) by

|Z|2§;;ejmj+M—2zk+l(e +k;)m;+max{3— MO}/| “l d=2g,.

V1—z2
n ’zzfjllzjmj/ A2 max{3—M,0}+ M—2 S (5 4+k;)m, g
|2|

<‘Z’Z] L lmy+ M =2 35 (e ymy+d—14max{3—M,0} 1
By the use of £; + 2k; = j, Z;Hll jmj=k+1and k < d+ 1, we find that this is bounded
by z—3+M+max{3-M0} 4 | which proves the result.

Next, we prove that Hz¢@~1) exists. Recall that Ha(d)Hoo < o0 and consequently, ¢4~ is

Lipschitz continuous. For any Lipschitz continuous function f with compact support,

==
u—2x
where A(suppf) denotes the Lebesgue measure of the support of f. Moreover,
u—e u+1 _
lim </ f( ) —I—/ f( = lim / flu—z) (u+x)dx.
e—0t u—l U—T ute U — $ e—0t

By the Lipschitz-continuity of f, |f(u — x) — f(u + z)| < |z| such that the r.h.s. can be
bounded by a constant that does not depend on u. The result follows with f = qﬁ (d—1),

A(suppf),

This proves assertion (i) in the Lemma.

Finally, we turn to assertion (7). As shown above, (B(d_l) is bounded. For odd dimension
d the claim therefore follows from substitution and the compact support of ad_l). For d
even, substitution and the fact that the Hilbert transform H; defines a bounded operator
LF(R) — L¥(R) for all 1 < k < oo yield the required result.
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Proof of Lemma[A.3 The existence of a uniform upper bound of oy follows directly
from the boundedness of fse. A uniform lower bound for fg and the integrability of
(Hd(g(d—l))(s))Q are shown in the proof of Lemma (ii). For the lower bound of oy p v
recall that
fso((t,0) + hs,0)
fe(0)

By Assumption [2, fg(b) > cg > 0 for all b € [0,1]¢ and fg is uniformly continuous.

= Jso(w0) +hs0)= [ o)

Hence, there exists 6 > 0, which does not depend on h, such that fg is uniformly bounded
from below in the ball Bs(t) of radius ¢ around any t € [0, 1], say, fg(b) > cg/2 for all
b € Ugejo,1j¢ Bs(t). Define for s? < 6%/(dh?)

Aspni={b R :b=1t+hsO+pa6y +...+pab7, p5 < 6°/d, j=2,...,d},

where 65, . .. ,Hj form an orthonormal basis of the orthogonal complement of span{6}.
Clearly, pg_1(Asen) = (20)41d1=D/2 > 0, and all b € Az, satisfy
2 2 2 2 52 Qd -1 2
It =Db|*=(hs)"+p53+...+p5 < 3—1-5 0 =0 and (b,0) = (t,0)+ hs.

In particular, Asp C Bs(t). Thus,

C
/ fa(b)dpq_1(b) > / Fab)dpa_1(b) > Ly 1 (Asen) > 0.
(b,0)=(t,0)+hs 2

As b,k
Hence, Rfg((t,0) + hs, ) is uniformly bounded from below for all h <t <1—h, § € ST}
and |s| < §/(v/dh). Therefore,

) /5/(x/3h) (’H (5(‘1 1))( ))2d /6/(\/Ehmax) (H (W 1))( ))2d (4.4
Ot hv 2 ) (s 5> ) (s s, .
S spvany (A

where the inequality holds uniformly over 7.

In quantum homodyne tomography, assumption (7ii) in Remark (1| yields

/ Fa(b)djig_1(b) > c5
(b,8)=(t,0)+hs

for s2 < 62/(dh?) if 6 is sufficiently small. Hence, (4.4)) holds in this case as well. Further-
more, since Hq(¢@ 1) € L2(R), we obtain

Ug,h,v 2 / (Hd(g(d_l))(s))zds +o(1) for n — co.
R
If HHd(%(d*l))Hg # 0 there exists ng = ng(d, d, ¢) € N such that

1 T(d=1)\ ()27 — L[| 5(d-1)]|2
| (@))% as = 564

2
Ot,h,v Z 2

for all n > ng. The equality on the r.h.s. is trivial for odd dimensions d and follows for even

dimensions from the anti self-adjointness of the Hilbert transform and HyHyf = —f. O
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C Proof of Theorem [3.2

If ||¢(@=D]|y = 0, Theorem [3.2] obviously holds. In the following we assume [|¢(@= ||y # 0
and define

s—(t,0>>’

agnv(5,0) := hTA(Dy e 1) (5,0) = (0,v) ('Hd%d*l))( ;

where the equality follows from Lemma [3.1] (i).

C.1 Controlling the effect of density estimation in the test statistic

Theorem C.1. Under the assumptions of Theorem[3.9,

T —E[T — Ty v — E[T,
sup Bh\/ﬁ“ t,h,v [ t,h,v” | t,h,v [ t,h,v]H

(tvhvv)€7—n O-t,h,V

=op(1), as n — oo.

Proof. By the triangle inequality
1 Teny = ElTonv]l = [Tony — ElTunvll| < Uiy + Veny

with Ut,h,v = ‘Tt,h,v - Tt,h,v - E[Tt,h,v - Tt,h,v” and ‘/t,h,v = ’E[Tmhw - Tt,h,v”' We first
bound V; j, v using

Ve = Uﬁ /S N /R at,h,v(s,a)E[fel(e) — f@l( 9)} fsols,0)dsdo

and
/R |agnv(s,0) fse(s,0)|ds S h /]R |(Had V) (5)| fs.@(hs + (t,8),0)ds < hlog(h)?. (4.1)

The last inequality follows for odd dimension d by the boundedness of fse and the inte-
grability of Zé(d*). For even dimension, recall that Hda(dfl) is bounded as shown in the
proof of Lemma Notice that

/ | (gD (s))|
2 log(s)?

by |(Had @ D)(s)| < (1 + s2)~1/2 (which holds for any function with compact support and
bounded Hilbert transform) and the integrability of (14 s2)~1/21og(s)~2 for s > 2. For the

remainder, we find

log(s)2f57@(hs + (t, 0),0)ds < log(h)?

/ % [(Hag!"V)(s)|  log(s)?
4

/h? log(s)? log(hs + (t, 0))2 log(hs + (t,0))* fs.e(hs + (t,0),0)ds < 1
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by the boundedness of s — log(|s]|)?fs.e(s,0) for all |s| > 2,0 € S¥1, and

log(s) log(s) log(s)
log(hs + (£,0)) = Tog(hs/2) _ Tog(h)2) + log(s) =

as log(h/2) > —log(s)/2 for s > 4/h?. A similar argument can be used to bound the integral
f:fo laghv(s,0)fs.e(s,0)|ds. Applying LemmalA.6{with bandwidth h, = log(n)7/(@=Dp~—1/(d=1)
gives

sup  Veny <1087 max) >V B max log(n) 7/ (@=Dp=7/(d=1), (4.2)
(t,h,v)ETn

Next, we prove py, := P(sup v)e7, Ut,hv = 0n) = 0asn — oo, where , := (n log(n)) Y2,

If for some positive constant ¢

Ay = {(Si; ©;)i=nt1,...2n : SUp |f®(9) —Elfe(0)]] <c %},
gesd—1 h

then by Lemma

pn < E[IP’( (t,hs,:/l)%’Tn Ughv = 6n | (Si, ei)i:n—i—l,...,Zn) ]l(An)} +P(A7)

< Z E[P(Ut,h,v >0y, ‘ (Si, @i)i:n+1,...,2n)ﬂ(f4n)} +o(1)
(t,h,v)ETn

for sufficiently large c. Now we apply Bernstein’s inequality to

Ueny = ‘Z{ Jrent$00)(7ia ~ rate) ~ BTy~ Tuas}|

By Lemma (1), |ag,nv(s,0)] can be bounded by a constant uniformly over (s,8) €
R x S?1. Moreover,

| 11 fo(6) —Elfe(0)]] + [Elfo(0)] - fo(0)]
fo(8) fo(0) fo(0)fo(0) ‘

The inequality f@ > log(n)~!, the uniform lower bound of fg, f@ = ]?@ almost surely for n

<

sufficiently large, Lemma and the definition of h, imply that each summand in Uy p, v
is bounded on A,, by

log(n) / [log(n) 1
<C hl) <C
~  nvh ( nhd=1 * *) o 1nv h min log(n)?

for some constants C,C7 > 0. By a change of variables in the integral for the variable s,
the uniform boundedness of fs g, and the integrability of af hv @s shown in Lemma (i),

we find for the conditional variance with a similar argument as above

2
. ). < - % _ # < —2 —4
Var (Ut,h,v ‘ (Su ez)zfn+1,...,2n) Cn 0:;’-{}3 ) <f@(9) f@(9)> < Can 10g(n)
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with some constants C,Cy > 0. Bernstein’s inequality yields

pn S| Tn| exp ( - 0l ) oll)
~ Con~1tlog(n)=*+ 3n\/%?0g(")2
1 ~1/2
o (- o T )y o)
Con~tog(n)™ + a7
as huin > n~). Finally, the claim follows from 8, < 2250 and the boundedness from
g log(n)
below of o j, v shown in Lemma -

C.2 Approximation of the limit statistic

Define the process

Xepy = h7112 /S N /R (0,v)(Hap!"™V) (S - 2t,9>> f Jf@‘a(f;) %) vy (asad).

Note that Xy 5, v corresponds to the process )A(mh", where the density estimators have been
replaced by the true densities. The proof of Theorem relies on a recently obtained

Gaussian approximation result which is reproduced here for convenience.

Theorem C.2 ([II], Proposition 2.1). Let Xy,...,X,, be independent random vectors in
R? with E(X;;) = 0 and E(Xij) < oo fori=1,...,n, 5 =1,...,2p. Moreover, let
Y1,..., Y, be independent random vectors in R*P with Y; ~ N(O,E(XiXZT)), 1=1,...,n.
Let b,q > 0 be some constants and let By, > 1 be a sequence of constants, possibly growing
to infinity as n — oo. Denote further by A’Qp the set of all hyperrectangles in R?*P of the
formAz{:CERQp:agmgb} for —oo < a < b < oco. Assume that

(1) n~t YL E(XE,) > b for all 1 < j < 2p;
(i)  nUY N E(X2R) < BE forall1 <j<2pand k=1,2;

(ZZZ) E((maXlSjggp |X17]|/Bn)q) S 2 fO’F all 1= 1, oo,

and define
B2log" (2pn)\ & B2log®(2pn)\ 5
1) ._ (Zn 6 2 . (Zn 3
DM = ( L) D= ( e )"

Then there exists a constant C' only depending on b and q, such that

sup
AeAy,

P(\/lﬁzn;X € A) IP’(\/lﬁ zn;Y € A)( < (DY + DR).
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Theorem C.3. Under the assumptions of Theorem[3.3,

Ts hv — E[Te ]| )) ( (|Xthv| ))
k ) K K — H ) 9 . .
<B " (‘/ﬁ Tt ) ) eprer, P oony ) whver,

Proof. To take absolute values into account, we introduce the set

u{(t, (t,h,v) € To} = {(t;,hj,vj) 15 =1,...,2p}. (4.3)
Moreover, for i =1,...,n, let X; := (X;1,... ,me)—r with

atj,hj,Vj (57 0)

Xi" = T(Sl,@,L)—E(T(Sz,QZ)), and T(s,O) = y
T ’ ’ 1w,V fo(6)

forj=1,...,2p.

Notice that » ;" | X;; = nat_jlhj v, (T, n;v; — E[Tt; h;,v;])- In a first step, we show that for
Z ~ N(0,E(X;X])),

sup
AeAy,

P(\/lﬁgXieA) —]P’(ZeA)‘—>0. (4.4)

Observe that by (4.1)) and the uniform lower bound of oy, p; v, established in Lemma

[E(1;(S1,©1))| S log(hy)*/hj. (4.5)

Because of this bound, the expectation E(Y;(S1,®;1)) in the definition of X;; will only
provide terms of negligible order if we check the conditions of Theorem In particular,
condition (i) is a direct consequence of the definition of ot p; v, in . By Lemma
(ii), the uniform lower bound of oy, 5, v, in Lemma the lower bound of fg, and the
boundedness of fseg, we find for k = 1,2, max;—i,.. 2p (|Tj(5’1,®1)|2+k) < h;ff. This
implies condition (%) of Theorem with B, < h;nlif

Lemma (1) implies max;—1 2y |Xi | S h 1/2 hich proves assertion (i) in the theorem

min

for any ¢ > 0 and B, = ch;ni{l , provided that the constant c is chosen sufficiently large.
Consequently, Theorem applies and for Z ~ N(0,E(X;X]))

P(\/lﬁgXiefQ —P(ZGA)‘g (W)@(W)é 0

choosing ¢ large enough and using Assumption [4]

sup
A€Ay,

In a second step, we show that there exists a version of the Gaussian noise W such that

max |Z; = W(T;+/fse)| = Oz (110g(hmax)|* v/Anax)

J=1L..,4p
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To this end, we define the Gaussian process (W(f))feLoo(Z) indexed by L*(Z) as the

centered Gaussian process with covariance function
[ 5(5.0)fa(s.0) s (s, 0)dsi ~ | fi(s,0)fsi0(s,0)dsd6 [ fu(s.6)fsels.O)dsdp.
Z Z Z

Thus, there exists a version of W(f) such that Z = (W(Tl), . ,W(Tgp))T. Recall that
(W(f))fer2(v) defines a Gaussian process whose mean and covariance functions are 0 and
Jsa—1 Jg f1(s,0) f2(s,0)dsd@, respectively. Basic calculations show that there exists a ver-
sion of W such that

=W(fv/fs©) —/Sdl /Rf(S,e)fS,@(S»e)deO W(y/fse)-

Hence,

W)~ woeFse) = | [ [ 1is00ssels 0)dsio W(VFse)|

By (5], | Joa—1 [z Tj(s,0)fse(s,0)dsd8| < log(hj)?\/hj. Furthermore, W( /fs.@) ~
N(0,1) which implies that E(max;—1,. 2 ]W( j) — W( ]\/fs,@)|) < 10g(h max)* VP max-
An application of Markov’s inequality finally proves

;max ‘W(T]) - W(Tj V fS,@)‘ = OIP’(‘ log(hmax)‘?) V hmax)-

The insertion of the bandwidth normalization terms has no influence on the convergence

as translation and multiplication preserve the interval structure. ]

C.3 Boundedness of the limit statistic

Recall from Lemma that o¢ v is uniformly bounded from below whenever h is suffi-
ciently small, where the upper bound h for h only depends on ¢, d and fa. We therefore
introduce the set

T:={(t,h,v) €T :h <h}.

Theorem C.4. Under the assumptions of Theorem SUD (4 v)eT Br(| Xe.hvl/othv—0p)

18 almost surely bounded.

Proof. We want to apply Theorem 6.1 in Diimbgen and Spokoiny [I5] to the non-normalized

process

- 1 v (d-1N\ (S <t79> fS,@<370) s
Yehv = — /gdl/R<9’ ) (Hao )( - ) To(0) W (dsd®).
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Denote by p the canonical pseudo-metric on 7, induced by Y3 5, v
TxT =Ry

1
2)5

((t, h, V), (t/, h/, V,)) — (E‘}/t,h,v — Yrtﬂh’,v’

In the next step, we prove

vz (4.6)

p((t7 ]’L,V), (t/7 h/7vl)) 5 (HV - V,”2 + ”t - t/H + ‘h - h/‘)
By the uniform lower and upper bound for oy 4 v,

? + |th’,h’,v’ 2}O'tﬁh’,v’ - Ut,h,v}2- (47)

2
|Yt,h,v - }/t’,h’,v’ S‘Ut,h,vn,h,v - Ut’,h’,v’n’,h’,v’

In order to bound the expectation of the first term on the right hand side of (4.7]), we use
the boundedness properties of fg and fse

2

E‘Uthvy;:hv — ot/ 1 v Y v

/Sdl/evv%dwl( )

ds d@

2

o (9) e (0
/ / 2
s ) (Hdg(dfl)) < <}:’ 70>> _ (Hda(dfl)) <S - ;:; 30>) ds dO
=:p1+ p2 + ps3.

We show that the three terms can be bounded by the squared r.h.s. in . From
Lemma (ii) we obtain p; < h|v — v'||%. For ps, we distinguish between the cases
|t —t'|| > h and ||t — t/|| < h. In the first case, the triangle inequality and Lemma (i)
give pa S h < ||t —t'[|. In the second case, the integral w.r.t. the variable s in ps is equal to

~d_ ~q_ ~d_ t,0) — (t',0
2h /R ((Had'4=D)(5))ds — 2h /]R (Had V) () (Hao" 1))(s+<>h,<>)ds.
Recall that the Hilbert transform and the differentiation operator commute. Therefore,
using the differentiability of gg(d_l) which has been shown in the proof of Lemma we

find that
GOL SO0y _ i ayd=0)(s) + ( — t.0) (Had ) )

(t_t,70>
h

h(Ha @) (s n

for some £ between s and s + . Hence,

p2 <t~ ] /R (Had @) () (Had®) (€)ds < It — ¥ /R (1+(s/2)2) s < 1t — ¢/
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Here, we used the boundedness of Hg¢@ 1 shown in Lemma (i), 1€ > |s|/2 for all
|s| > 2 in the case ||t — t'|| < h, and |(’Hdgg(d))(u)] < (1 +u?)~L. The latter is obvious for
d odd. For d even we find that 5 is an odd function and therefore gz~5(d) is an odd function.
Moreover, for any odd function f such that Hyf exists, we have, up to some constant,

(de)(u):/ooo /(@) dx+/()mﬂdx=/()oof(x)( BLEN )dx:/ooo 201 (@) 4

U—2x u+r u—zx uz — g2

Here all integrals are understood in the principal value sense. Finally, a similarly argument
as in the proof of Lemma [3.1|shows that Hq¢(® exists and that |(Hao®)(u)] < (14 u2)~?!
by the compact support of &

We finally turn to p3. Without loss of generality, we may assume h < h’. We study the
cases h < h'/2 and h > h'/2, separately. In the first case, the triangle inequality and
Lemma (i1) give p3 S h+h < |W —h|l. IfA'/2 < h <], we argue as for the upper

bound of p and find
%sW—m/«%ﬂ*%@f@—%«4+3{4@&W%@mmﬂ%@@

R

for some ¢ between s and /~s. Recall that |(Had D) (u)] < (1+u2)~! and |(Hap@ D) ()] <
(1 +u?)~Y2, Thus,

/wmwﬂwmmwwmws/uwﬂ”%O+WW)%<m,
R R

where we used that [£| > f|s| > |s|/2. Finally, |h?/h' — h| < I’ — h implies pg < |B' — h|.

For the second term on the right hand side of (4.7)) we use that Var(Y; ) = h. Using again
the uniform boundedness from above and below of ot j, v and the fact that |\/z — \/5\2 <
|x —y| for all z,y > 0 gives

2
E‘Yt’,h’,v’ lot,hv — Ut’,h’,v’|2

=N ElotnyYerv)'?  (Elow v Yo v ) ‘2

7 Vi
2| VI 2 2
SE|othvYehv] ‘W - 1‘ + [(Elogny Yenv?)? = Elog p v Yew v )

! 2
5|h —h ‘ + E‘Ut,h,vn,hy - Ut’,h’,v’Y;:/,h’,v’

For the second term in the last line, the bounds above apply which completes the proof for
(4.6).

Set o2(t, h,v) := h and p((t,h,v), (t', /), V') :== (v = V|2 + [t = t/|| + |h — I'[)
that

1/2
/,such

o*(t,h,v) — a*(t', 1, v)) < p?((t, h,v), (t',1', V")) for all ((t,h,v),(t',h, V) €T xT.
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For fixed ((t,h,v), (t',h’,v')) € T x T, the random variable Y; , v — Yy s/ v follows a normal
distribution with mean zero and variance bounded by a constant multiple of p?((t, h, v), (t/, b/, v")).
Thus, there exists a constant M > 0 such that for any n > 0,

P(’n,h,v - Y}:’,h’,v" Z ﬁ((ta h7V>7 (t/7 h/7vl))n) S exp(—nz/M)

Furthermore, IP(YUW > \/577) < exp(—1?%/2), as h_l/QYtﬂh’v corresponds to a standard nor-
mal distributed random variable. Thus, conditions (i) and (ii) of Theorem 6.1 in Diimbgen
and Spokoiny [15] are satisfied. As in [19] one shows that condition (iii) of Theorem 6.1

in [I5] holds with V' = (3d — 1)/2 and that the process Y; v is almost surely continuous
IXt,h,v|
Ot,h,v

application of Theorem 6.1 and Remark 1 in [I5]. O

on 7 with respect to p. The boundedness of SUD (¢ hv)eT (Bh — ahﬁh) follows by an

C.4 Replacing the true densities in the limit process by estimators

Theorem C.5. Under the assumptions of Theorem

[ Xenv| — [ Xenvl|
sup By =0

p(1) for n — oc.
(tzhvv)eﬁl Ut7h7v

Proof. Recall the definition of the symmetrized set 7,/ in (4.3]) and let

Frog o V5000 ieGo)
T Je(d) LI

Lemma and an argument as in the proof of Lemmashow that sup(s g)erxgd-—1 |ﬁ(s, 6)| =
O(log(n)~1) for n — oo almost surely. Define

- 1 ~ — (4,0)) 4
Agpy = Xy — Xepv = N /Sd ) /<9,V> (Ha'™V) (W)F(S, 0) dW g
- R

and Aty = log(n)_lthh,v. We write P and E for the probability and expectation
conditionally on (S;,0;), i = n+ 1,...,2n. Under IF), the vectors (A¢ pnv)(,nv)er; and

(Acot,hv)(t,h,v)eT, are centered and normally distributed with
]E(At,h,v - At’,h’,v’)2 + IN['—TJ(Aoo,t,h,v - Aoo,t’,h’,v’)2 S log(n)_Q V(t, h, V)a (t/a h/, V/) € 7:1,
almost surely. Hence, an application of Theorem 2.2.5 in Adler and Taylor [1] gives

‘ITE( sup At,h,v)_ﬁ(( sup Aoo,t,h,v) :O(log(n)_l/z) almost surely.

(t,h,v)ET,! t,h,v)ET!
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Moreover, by the almost sure asymptotic boundedness of sup(  v)e77 Br(| Xt nv|/othv —
ap,) proved in Theorem we have ]INE(sup(mh’V)eTé A tnv)] = O(log(n)~1/2) almost

surely. Finally, for some constant C' > 0,

~ A
P( sup ,Bh ‘ t)h,v|

> log log(n)_1/2) <P( sup Ag pv > Clog log(n)1/2log(n)_1/2)
(t,h,v)ETs Ot,h,v

(t,h,v)ET,
= O(log log(n)*l/Q)

for n — oo almost surely, by Markov’s inequality. The constants introduced above do not
depend on the second sample (S;,0;), i =n+1,...,2n and therefore the claim follows by

an application of the law of iterated expectations. O

C.5 Replacement of the standard deviation by an estimator

Theorem C.6. Under the assumptions of Theorem

(i) supgnvier, Bl Teny — ElTenyll| 52— — =

Ot,h,v Ot,h,v

=op(l) formn — oo;

1 1
Ot,h,v Ot,h,v

=op(l) forn — oco.

(ZZ) Sup(t,h,v)e’ﬁl Bh|Xt,h,v|

Proof. We only prove (i) as (ii) follows by a similar argument. By Lemma[A.3 and Lemma
ot nv and Og py are almost surely uniformly bounded from below for all sufficiently
large n. Thus,

1 1

~

sup  Buvn|Teny — E[Tony]|

(t,h,v)ETR Ot,hv  Othyv
ft,h, — E[T} p, N
S osup B <\/ﬁ’ v ZElfinll ap | sup  |oghy — Ot hy
(t,h,V)E% O-tJ’L,V (tvhﬁv)e%
log(n)

——"—  sup |Ut,h,v - at,h,v|
loglog(n) (¢,hv)eT,

almost surely. The claim follows from Lemma [A-4] Theorems and and the almost
sure boundedness of sup( , v)e7, Bu(|Xthv|/0tny — an) established in Theorem O
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D Proofs of Theorems 3.3 and 3.4

Proof of Theorem[3.3. We have

P(El(t,h,v) €Tn: |7A’t,hyv| > /s;f;h’v(a)) =1- ]P’( sup  Bn (ﬂ@M - ah> < ﬂn(a)>

(t,h,v)ETn Ot,h,v
X
=1-P( sup ﬂh(uﬂ - ah> < mn(a)> +o0(1)
(t,h,V)e% at’h7v
<a+o(1)

for n — oco. Here we used (3.14]) for the first equality and Theorem for the second. O

Proof of Theorem[3. We assume in the following that ¢4 > 0, the case ¢cq < 0 can be
treated similarly. The following statement can be derived similarly as in the proof of
Theorem 3.3 in [19]. For a null sequence 0 < (a,)nen < 1 converging sufficiently slowly
and for the set 7,) C T, of all triples for which the inequality

/ de.(b)dy fa(b) db < —2c; h= 4 1/2kEMY (@) (4.1)
R4
is satisfied it holds that

P(ﬁ@v > k8 (ay,) for all (t,h,v) € 7;{) =1-o0(1).

Hence, the hypotheses are rejected simultaneously on the set of scales 7, with asymp-
totic probability one. Moreover, for a mode by € (0,1)¢ of f3 and any triple (t, h,v) € T,P,
one can prove that 0y fg(b) < —h for all b € suppégy , by following the arguments in the
proof of Theorem 3.3 in [20]. Consequently, [p4 ¢¢n(b)0y fg(b)db < —h.

As seen in Appendix
X X
sup ﬁh<|At’h’v| - ah) - ( sup ,Bh(' bl _ Oéh)‘ = op(1)

(t,h,V)en O’t,h,V t,h,V)G% Ut,h,v

for n — oo and sup p v)e7;, ﬂh(% — ay,) is finite almost surely for n sufficiently large.

Moreover, Gy 5, v is almost surely uniformly bounded by Lemmas and for n suffi-

Ciently large, such that
A 1()g n. _g_
h d 1/2I€:L,h,V(an) 5 / > h d—1/2

almost surely. In order to verify (&.1)), we need to pick h such that h®+3/2 > (log(n)/n)'/2.
1

Thus, (4.1) holds for h > C'log(n)23n~ 2253 with some sufficiently large constant C' >

0. O
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